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Abstract

A conditioning graph is a form of recursive factorization
which minimizes the memory requirements and simpli-
fies the implementation of inference in Bayesian net-
works. The time complexity for inference in condition-
ing graphs has been shown to ©¢n exp(d)), where

d is the depth of the underlying elimination tree. We
demonstrate in this paper techniques for building small
elimination trees. We give a simple method for deriving
elimination trees for Darwiche et al.'s dtrees. We also
give two new heuristics for building small elimination
trees. We show that these heuristics, combined with a
constructive process for building e-trees produces the
smaller trees.

I ntroduction

When programmers wish to use Bayesian networks in their
applications, the standard convention is to include the en-
tire network, as well as an inference engine to compute pos-
teriors from the model. Algorithms based on junction-tree
message passing (Lauritzen & Spiegelhalter 1988) or vari-
able elimination (Zhang & Poole 1994; Dechter 1999) have
a high space requirement and are difficult to code. Further-
more, application programmers not wishing to implement
an inference method must import large general-purpose li-
braries.

Compiled versions of Bayesian networks overcome this
difficulty to some extent. Query-DAGs (Darwiche & Provan
1996) precompute probability equations that are parameter

floating point values; no high-level elements of Bayesian
network computation are included. As well, the inference
algorithm for conditioning graphs is a small recursive algo
rithm, easily implementable on any architecture.

The time complexity of inference using a conditioning
graph is exponential on the height of its underlying elim-
ination tree. Hence, minimizing the height of these elim-
ination trees is of particular interest. Producing balanhce
recursive decompositions has been previously investigate
by Darwiche et al. (Darwiche 2000; Darwiche & Hopkins
2001). These documents provide two methods for balancing
dtrees (a recursive decomposition where the size of the cut-
set at each node is unrestricted, but every internal nodé mus
have two children). The first method involves constructing
an unbalanced dtree, and subsequently balancing it using
contraction methods. The second involves hypergraph par-
titioning, which combines construction and balancing iato
single step.

We demonstrate a simple transformation between dtrees
and elimination trees, and show that the time complexity
of inference in the elimination trees after conversion i th
same as in the dtree. Thus, any algorithm for building well-
balanced dtrees also contributes well-balanced elinnati
trees. We also suggest two new heuristics for constructing
recursive decompositions, based on greedy search, and show
empirically that these are better than the method suggested
by (Darwiche & Hopkins 2001) for tested networks when no
caching is employed.

The rest of the document is structured as follows. We

ized by evidence variables, and stores them as DAGs. New begin with a review of elimination trees and their construc-
evidence changes the parameter values and the equationstion, which is followed by a discussion of the transformatio

The inference engine for these systems is very lightweight,
reducing system overhead substantially. And the intetface
the system is sufficiently easy - the user can either set evi-
dence nodes or query probabilitistic output nodes. However
although the abstraction provided by Q-DAGs makes them
universally implementable, their size may be exponential i
the size of the network.

Recently, we proposedonditioning graphs(Grant &
Horsch 2005). Conditioning graphs combine the linear
space requirements of conditioning with the simplicity of Q
DAGs. Its components consist of simple node pointers and
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from a dtree to a elimination tree (e-tree). We then intro-
duce two heuristics for building e-trees, and show that e-
trees constructed using these heuristics are superiees-tr
constructed from balanced dtrees. We close with a summary
and future work.

Background

A Bayesian networls a tuple(gG, ¢), whereG = (V, E)
is a directed acyclic graph over random variablés =
N, sV} & = {¢1,..., 6, } is a set of potentials, where
¢; is a conditional probability distribution o¥; given its
parents irg.

An elimination treg(Grant & Horsch 2005) oe-treeover



Figure 1: An example Bayesian network.
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Figure 2: The network from Figure 1, arranged in an elimi-
nation tree.

a Bayesian network is a tree where each leaf corresponds
to a CPT in the network, and each non-leaf corresponds to
a random variable from the network. The tree is structured
such that for any nod#' in the tree, the variable @ and

N'’s ancestors d-separate all variables from one childof
from all variables in another child a¥. Figure 2 shows an
e-tree for the network shown in Figure 1.

Elimination trees are a recursive factorization of Bayesia
networks. Other recursive factorizations exist, such as re
cursive decomposition (Monti & Cooper 1996) and recur-
sive conditioning (Darwiche 2000). The primary difference
is that these factorizations restrict the number of chiidae
each internal node to two, while no restriction is made on
the number of variables at each internal node. In contrast,
elimination trees restrict the number of variables at eaeh i
ternal node to one, but have no restriction on the number of
children.

To compute a probability from an elimination tree, we tra-
verse it depth-first, generating a context as we descenld, suc
that when we reach a leaf node, we can extract a probability
from the corresponding CPT. Values returned from the chil-
dren of a node are multiplied. If the variable at a node is not
observed, then we condition over that variable. When the
variable at a node is an evidence variable, its value is fixed,
which affects all calculations in its descendants.

A conditioning graphs an e-tree with additional arcs con-
necting variable nodes to leaf nodes. The basic algorithm
for computing probabilities is the same, but the additional
structure simplifies the basic algorithm to increase itsgsor
bility.. Space restrictions preclude a more detailed expla
nation of this approach, but see (Grant & Horsch 2005) for
more details. The time complexity for inference in an e-tree
is exponential on the height of the tree.

Elimination trees have a close correspondence with elimi-
nation algorithms (Zhang & Poole 1994; Dechter 1999). The

algorithm for building an elimination tree parallels vdlia
elimination, where an internal node represents the makgina
ization of its variable label, and the children of the node
represent the distributions that would be multiplied thget
Thus, an internal node is labeled with a variable, but repre-
sents a distribution. Figure 3 gives a simple algorithm for
constructing an elimination tree from a Bayesian network
(G, ®). In the algorithm, we usdom(T") to represent the
union of all CPT domains from the leavesBk subtree.

Notice that the algorithm in Figure 3 returns a set of trees,
rather than a single tree. In the event that the network is
not connected, the number of disconnected components will
correspond to the number of trees returneclimtree We
assume that the elimination tree is connected (that is, the
algorithm returns a single tree).

elimtred(G = (V, E), ®))

T — {}

for each ¢ € ® do
Construct a leaf nod&,, containingg
AddTstoT

for each V; € V do
Selectthe sel’; = {T € T|V; € dom(T)}
RemoveT'; from T
Construct a new internal nodewhose children are;
Labelt; with V;, and add it tdl’

return T

Figure 3: The code for generating an elimination tree from
a Bayesian network.

Given an e-tree of height, the time complexity of com-
puting a probability from the tree i®(n exp(d)), where
d = n in the worst case. Although the worst case rarely oc-
curs, it demonstrates the importance of an e-tree with good
structure. The dtree structure due to Darwiche et al. is re-
lated to our e-tree structure, and methods for constructing
well-balanced dtrees have been proposed (Darwiche 2000;
Darwiche & Hopkins 2001). The following section demon-
strates a relationship between dtrees and e-trees, such tha
we can take advantage of these algorithms for building bal-
anced dtrees when constructing e-trees. Also, the above al-
gorithm for constructing e-trees suggests that the complex
ity of the e-tree is a function of the variable ordering. In a
subsequent section, we examine how to construct good vari-
able orderings such that e-trees can be computed directly,
without resorting to secondary balancing methods (these ar
described in the next section).

Dtreesto Elimination Trees

As mentioned, atreeis a recursive decomposition of a
Bayesian network, where each internal node has two chil-
dren. The number of variables at each node is not restricted
to one variable as it is in e-tree nodes. Figure 4 shows a
possible dtree for the network of Figure 1.

The time complexity of computing probabilities in a dtree
(when no caching is used) @(n exp(wd)) wherew is the
size of the largest cutset (set of variables at a node), and



any path is at mosf, the maximum length of a path in the
e-treeisd « w + 1.

Theorem 1. The time complexity to compute posterior prob-
abilities using a dtree is the same as the time complexity us-
ing an e-tree constructed from that dtree.

Proof. The time complexity of inference using a dtree of

heightd and widthw is O(n exp(wd)) (Darwiche 2000).

CF’(E'D)) G"D'Bv CD ( PR ) From the lemma, the e-tree constructed from such a dtree is
of heightd x w + 1. Since the time complexity of inference

Figure 4: A dtree for the Bayesian network in Figure 1 over an e-tree is exponential on its height, it follows thnat t
two structures share the same complexity. O

We generate elimination trees from balanced dtrees using
both techniques discussed by Darwiche et al. (Darwiche &
Hopkins 2001): generate a tree, then balance them using
contraction; and generate a balanced dtree using hypérgrap
partitioning. We compare these e-trees to those consttucte

dusing the methods described in the next section. The results
of this comparison are given in tfigvaluationsection.

In closing this section, we note that the transformation
from a dtree to an e-tree can be reversed. This is important,
since the complexity of computing over a dtree is a function
of two factors: the height of the tree, and the width of the
cutsets. In Darwiche et al. (Darwiche & Hopkins 2001),
the authors explicitly compare the construction algorghm
by each term, but not by product of these two factors. It
is the product of these terms that determines the time com-
plexity of computing over the structure in the absence of any
caching. In contrast, the complexity of computing over e-
trees is a function only of height. Therefore, by minimizing
the complexity of an e-tree, we are minimizing the afore-
mentioned product in a dtree. Therefore any method devel-
oped to build good e-trees can be used to build good dtrees.
This is especially important if the dtree will be used withou
any caching of intermediate results.

d is the maximum depth of the tree (the quantity measured
is the number of recursive calls made). If the tree is bal-
anced, thenl = logn. There are two well-established al-
gorithms for balancing dtrees. The first (Darwiche 2000)
involves constructing a dtree using variable eliminatiion (
the same manner as elimination trees are constructed), an
then balancing them using contraction (Miller & Reif 1985).
The second involves directly computing balanced treegusin
hypergraph partitioning (Darwiche & Hopkins 2001).

The similarity of dtrees and e-trees suggests that a well-
balanced dtree might lead to a well-balanced e-tree. Trans-
forming a dtree to an e-tree is straightforward. We show a
transformation method, and then show that the complexity
of the resulting e-tree is the same as the original dtree.

There are several things to note about the conversion.
First, the leaf nodes of a dtree and an e-tree are identical,
that is, they correspond to a CPT from the Bayesian net-
work. Second, the cutsets of a dtree do not include leaf vari-
ables from the original Bayesian network. A cutsetin a dtree
represents a subset of the intersection of variables frem th
leaf CPTs of its subtree. Hence, since a leaf variable in a
Bayesian network is only defined in one CPT, it follows that
it never appears in a cutset.

The conversion process is as follows:

. : o : Better Elimination Orderings
1. For each leaf variable in the original Bayesian network, . . . . d .
create a new node containing that variable, and insert it as In inference algorithms based on junction trees or variable

the parent of the node containing that variable’s CPT. elimination, a good elimination ordering results in small
. o _ cliques, or small intermediate distributions. Finding an
2. If a node has no variables in its cutset, then the children optimal elimination ordering is NP-hard; heuristic meth-

of this node become children of the parent node. ods, which are relatively fast, have been shown to give
3. If a node hag variables in its cutset, whefe > 1, then good results in most cases. Starting from a moralized

it creates a chain of — 1 nodes beneath it, and assigns graph, themin-fill heuristic chooses to eliminate the vari-

each one a variable from the cutset. able which would require the fewest edges to be added

to the network during triangulation; themin-sizeheuris-
tic chooses to eliminate the variable which would mini-
mize the number of neighbouring variables (Kjaerulff 1990;

This algorithm converts the dtree of Figure 4 to the e-tree
shown in Figure 2. We now prove that the time complexity
of inference over the two structures is the same.

_ Huang & Darwiche 1996).
Lemma 1. After converting a diree of depthand cutset These heuristics are not necessarily well suited for recur-
width w, the resulting e-tree has a depthf, whered; < sive decomposition techniques, especially if intermextiat
d*w+ 1. sults are not cached (Darwiche 2000). They try to minimize

Proof Sketch: Follows from the node transformations. clique size, which is not directly related to the time com-
Adding a leaf variable above a leaf node increases any path plexity of inference over a decomposition structure such as
in the tree by at most 1. Absorbing nodes does not increase an e-tree. Consider the example shown in Figure 5. Using
the height. Creating a chain out of a set of cutset variables themin-fill heuristic, we will always remove a node from the
increases the length of a path from lw@a(since the cutset end of the chain, which leads to the possibility of an elimi-
is at most sizev). Hence, since the the number of nodes in nation ordering such as, F, £, D, C, B, A. This ordering



° e e Q e e e to the way heuristics are used in A* search. Because of the
similarity, it is important to note that no backtracking oc-
curs, and the resulting ordering is not guaranteed to be opti
Figure 5: For this Bayesian network, an elimination ordgrin ~ mal. Converting the greedy search to a best-first approach is
that is optimal for inference based on junction trees is the a simple extension, which we have not fully explored.
worst case for methods based on decomposition structures.  The choice of current tree heighf)(as a component in
our heuristic is an obvious one. However, using the number
of remaining variables in the e-tree is only one choice for a
lookahead value. Indeed, since it corresponds exactlyeto th
min-sizeheuristic, a natural question to ask is if we can use
themin-fill heuristic, which is typically preferred in classical
variable-ordering applications overin-size
Figure 6: A worst case e-tree for the Bayesian network in ~ The problem wittmin-fill is that counts edges, rather than
Figure 5, constructed using the min-fill heuristic. variables, so an additive combination @f(which counts
height in terms of a number of variables), anah-fill would
not give a consistent estimate of total height. Furthermore
is optimal for inference methods based on junction trees or NO simple setting of can account for the difference in these
variable elimination. However, it is the worst case for in- Mmeasures. We resolve this problem by noting that if the
ference over e-trees and dtrees. Figure 6 shows the elimina-number of remaining nodes to be marginalized,ithen the
tion tree generated from this elimination ordering (theeor ~ Maximum number of necessary fill edgegiis- n(n—1)/2.
sponding dtree is exactly the same, minus the node contain- Solving forn givesn = (1 + /1 +8f)/2. This value de-
ing the leaf variable). The height of the e-tree correspomds ~ ived frommin-fill can be used as our lookahead value in the
the number of nodes in the network, making the complexity heuristic functionf.
of inferenceO(n exp(n)). Finally, when selecting a node, it is very often the case
Darwiche shows that a bad ordering can be repaired using that many variables have the same bgstlue, especially
rake and compress methods (Miller & Reif 1985). How- early in the search. Using the traditional methods, Daraich
ever, we take a more direct approach, trying to measure (and and Huang recommend using thren-fill algorithm, break-
minimize) the height of the resulting e-tree, which dirgctl  ing any ties with thenin-sizealgorithm (Huang & Darwiche
affects the time complexity of inference over it. Recallttha 1996). However, when working on this project, we found
an e-tree is constructed iteratively, and when a variable is that even with tie-breaking procedures in place, there were
chosen as the root of a new e-tree, all partial e-trees that in Still a large number of unresolved ties that had to be bro-
clude this variable in their definition are made children of ken arbitrarily. To address this issue, we break these fies b
the chosen variable. We wish to choose the variable such choosing one of the best variables at random.
that the resulting e-tree has the smallest height.
The height of an e-tree is determined by taking the current Evaluation

height, and estimating the additional height that wouldltes h i f th duced b
in later iterations. This is very similar to the way heudsti W& compare the quality of the e-trees produced by our
are used in A* search: the best choice minimigesvhich heuristics to those produced from balanced dtrees. We use

is the sum of current cogtwith estimated remaining cost both heuristics from the previous section: the first uses.
We definey(T') as the current height of a given e-ttBeThe as themin-sizeheuristic, and the second uses the modi-
estimate (") is the number of variables in the domainof fied min-fill value. .Th|s comparison is made using several
that have not yet been eliminated. This value corresponds Well-known Bayesian networks from the Bayesian network
exactly to themin-sizeheuristic of classical elimination or-  "€POSitory? We also follow the approach taken in (Darwiche

der generation, and provides a lower bound on the remaining %ngg?igﬁgﬁ%;ﬁdﬁgm&are our algorithms over several

height of the tree. o . .
We define the heuristic functiofy as a weighted sum of Because all the heuristics employ_random ties brea;kmg,
g andh, so that their effect in the search can be manipu- W& Show results as the mean of 50 trials for each configura-
lated: f = (1 — a)g + ah, wherea € [0,1]. Usinga = 1 tion. The bold entries in the tables of results indicate wher
corresponds to using thein-sizeheuristic. Usingn = 0 the mean height of the final tree using our heuristics is supe-

corresponds to a heuristic based only on the estimate of the 10T t0 the best result from any of the other methods.
height of the tree using the remaining variables. Excluding Table 1 shows the results of the first comparison, using the

thea values from the equation provides a tight lower bound Penchmark Bayesian networks. In the first column, we show
on the eventual height of the resulting tree. the mean height of e-trees derived from a dtree constructed

The approach we take in this paper is based on hill- using themin-fill heuristic (Darwiche 2000), without balanc-

climbing search, using a heuristic that has some similarity INg- The second column shows the height of e-trees derived
from balanced dtrees, usimgntract(Darwiche 2000). The

The best possible ordering chosen by min-fill for a chain of third column shows the mean height of the e-trees converted

variables leads to an e-tree of height2, which is still linear in -
the number of variables. 2http://www.cs.huiji.ac.il/labs/compbio/Repositoryl/.



DTree Conversion Best-first search (values indicatg

mf mf-bal | hmetis | 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Barley 21.8 19.52 15.09 19.96 | 141 13.8 13.8 14.32 14.08 14.18 14.98 1498 | 15.24 | 19.16
Diabetes | 60.36 | 23.28 18.95 50.98 | 18.32 18.16 | 18.18 | 18.14 19.48 | 21.14 | 20.98 | 24.1 30.46 | 52.44
Link 45.74 | 43.4 48.2 147.8 | 40.38 | 39.32 | 39.04 | 39.54 | 40.36 | 40.56 | 38.98 | 39.4 39.18 | 47.08
Mildew 13.66 | 12.2 11.02 | 15.18 | 9.42 9.34 9.28 10.34 | 1044 | 103 10.72 | 1056 | 10.64 | 12.7
Muninl 23.26 | 22.16 | 26.39 | 42.0 19.02 | 18.64 | 1868 | 18.84 | 19.64 | 19.68 | 19.48 | 22.0 20.8 23.46
Munin2 31.44 | 23.76 26.16 78.4 15.92 15.78 | 15.72 | 16.04 16.68 17.06 1872 | 20.4 2158 | 29.22
Munin3 26.82 | 21.02 24.48 78.66 | 16.0 16.26 | 16.78 | 17.4 17.62 179 19.0 19.06 | 20.46 | 27.6
Munind | 27.38 | 22.3 28.78 | 90.06 | 17.4 17.36 | 17.16 | 18.08 | 1842 | 1868 | 20.32 | 2118 | 22.9 28.44
Pigs 26.06 | 24.6 24.23 | 4842 | 2072 | 2056 | 20.58 | 20.16 | 20.62 | 21.32 | 21.26 | 2142 | 218 25.78
Water 15.82 | 15.82 | 16.0 19.92 | 16.22 | 151 15.0 15.0 1536 | 16.0 16.0 16.0 16.0 16.8

Table 1: Heights of constructed e-trees on repository Bapagetworks using the modifiedin-sizeheuristic for lookahead.

DTree Conversion Best-first search (values indicatg
mf mf-bal | hmetis | 0.0 0.1 0.2 0.8 0.4 0.5 0.6 0.7 0.8 0.9 1.0
c432 41.72 | 41.4 47.2 73.68 42.3 40.4 38.7 38.14 | 38.06 | 39.0 39.0 39.0 39.0 423
c499 47.92 | 42.12 | 40.67 | 77.82 40.6 39.06 | 39.06 | 41.08 | 41.76 | 45.0 41.0 40.96 | 40.96 | 46.22
c880 55.9 51.92 | 54.35 | 124.62 | 50.62 | 48.3 4842 | 4758 | 4812 | 4752 | 48.04 | 4822 | 4842 | 56.02
c1355 | 50.38 | 50.38 | 45.78 | 123.9 4518 | 434 43.08 | 45.08 | 44.88 | 45.0 39.0 43.0 43.0 51.52
c1908 | 74.12 | 72.48 | 84.8 195.92 | 87.76 | 83.06 | 80.54 | 76.52 | 76.0 74.32 | 73.96 | 73.76 | 74.48 | 78.62

Table 2: Heights of constructed e-trees on ISAC "85 benchmiatuits, also usingnin-sizefor lookahead.

from a dtree constructed using hypergraph partitioning{Da  appear whem € [0.1,0.5]. Our heuristic results in smaller
wiche & Hopkins 2001). The subsequent columns are gener- trees than the standandin-fill algorithm, even after balanc-
ated using our modifiethin-sizeheuristic described above, ing the resulting dtree before converting to an e-tree (gixce
for varyinga values. for network c1908).

From this table, we can make a few observations. Con- _ Table 3 and 4 show the results of using the modifred-
sidering only the dtree numbers, it can be observed that itis fill measure as the heuristic to build e-trees for the Bayes
better to build an e-tree from a balanced dtree, rather than networks and benchmark circults, respectively. Again, the
an unbalanced one. Second, our results show that for con- mean value 050 trials is reported.
structing e-trees (where we are less concerned with théawidt ~ We can see that the results from our heuristic are gener-
of the ordering, and more concerned with the height of the ally better than those using tmein-sizeheuristic as looka-
e-tree), hypergraph partitioning did not show an overallad head. The optimal value appears to be lower (meaning that
vantage over a balanced dtree constructed usiingfill; the even less emphasis should be placed on lookahead). The re-
best results were obtained when the hypergraph partitipnin  sults are more significant for the benchmark circuits, where
software hmetis was restricted using a parameter that tries  the min-fill algorithm is superior to the dtree methods over
to enforce a very strict fair balancing of the nodes between all test networks (recall thanin-sizedid not outperform the
partitions. However, the hypergraph partitioning aldurit dtree methods for the1908circuit.)
was shown by Darwiche and Hopkins to be a better algo-

rithm for constructing good dtrees (Darwiche & Hopkins Conclusions and Future Work

2001).

Most notably, our modifiedhin-sizeheuristic consistently
outperformed the dtree based constructionspfealues be-

tween 0.2 and 0.5. The reductions in e-tree height were be-

This paper presented techniques for building good elimina-
tion trees, from which we can construct conditioning graphs
Since the time complexity of a recursive structure is a func-
tion of its height, a shallow, balanced elimination treeés d

tween 1 and 8 variables for the networks tested. Consider- sjrable.

ing that the complexity is exponential on the height of the
tree, such a reduction is very significant. The best results
appear forae € [0.2,0.5], which suggests that while using
only the current heighj creates very poor trees, the current
cost should be weighted higher than the lookahead Value

We also tested our heuristics using several of the ISAC
'85 benchmark circuits, interepreting the circuits as DAGs

Darwiche demonstrated two methods for building bal-
anced dtrees (Darwiche 2000; Darwiche & Hopkins 2001).
We have shown in this paper a linear-time transformation
to an e-tree, that guarantees the complexity of the two struc
tures are the same. We also developed two new heuristics for
directly building e-trees, extended from traditional hisur
tics for developing variable orderings in Bayesian network

Table 2 shows the results of this comparison. While the op- We show that in the example networks, the e-trees devel-
timal o values are typically higher for these networks than oped from these heuristics are typically smaller than those
the benchmark Bayesian networks, we see that the resultsconverted from dtrees.

are similar to the previous networks — the smallest means  The results obtained from our experiments show that, for



DTree Conversion Best-first search (values indicatg

mf mf-bal | hmetis | 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Barley 21.8 19.52 15.09 20.08 13.6 12.74 | 13.26 13.7 13.62 1368 | 14.34 | 14.32 14.8 21.8
Diabetes | 60.36 | 23.28 18.95 54.74 1794 | 1766 | 17.68 18.2 18.76 19.86 | 22.38 | 24.78 | 30.48 | 60.36
Link 45.74 | 43.4 48.2 152.14 | 3846 | 37.34 | 37.64 | 37.78 | 37.2 37.76 | 37.84 | 3818 | 39.72 | 45.74
Mildew 13.66 | 12.2 11.02 | 14.72 9.12 9.24 10.0 10.1 10.14 | 10.0 10.0 10.0 10.0 13.66
Muninl 23.26 | 22.16 | 26.39 | 42.24 1868 | 1822 | 183 1876 | 20.28 | 19.46 | 19.8 20.0 211 23.26
Munin2 31.44 | 23.76 26.16 80.8 1592 | 16.0 16.46 16.92 17.38 17.3 1846 | 19.16 | 24.6 31.44
Munin3 26.82 | 21.02 24.48 68.42 16.2 16.34 | 16.96 17.0 18.0 18.84 | 187 195 21.42 | 26.82
Munin4 27.38 | 22.3 28.78 | 80.72 17.08 | 17.0 17.02 | 1764 | 1822 | 180 187 20.8 2174 | 27.38
Pigs 26.06 | 24.6 24.23 | 51.04 19.38 | 19.58 | 19.92 | 20.24 | 19.86 | 205 20.62 | 21.46 | 22.44 | 26.06
Water 15.82 | 15.82 | 16.0 20.12 15.0 15.0 15.0 15.0 15.0 15.0 15.0 15.0 15.0 15.82

Table 3: Heights of constructed e-trees on repository Hagestworks using the modifiedin-fill heuristic for lookahead.

DTree Conversion Best-first search (values indicatg
mf mf-bal | hmetis | 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
c432 41.72 | 414 47.2 76.4 3854 | 37.86 | 37.22 | 37.74 | 380 3824 | 39.0 39.0 39.0 41.72
c499 47.92 | 42.12 40.67 78.38 3892 | 382 3812 | 359 37.6 36.0 36.0 36.0 40.0 47.92
c880 55.9 51.92 54.35 121.58 | 4858 | 47.04 | 4532 | 440 4438 | 450 45.0 4512 | 4574 | 55.9
c1355 | 50.38 | 50.38 45.78 125.56 | 45.8 4422 | 4538 | 40.98 | 40.5 39.0 39.0 39.0 43.0 50.38
c1908 | 74.12 | 72.48 | 84.8 195.46 | 88.14 | 82.98 | 80.06 | 76.24 | 69.72 | 70.44 | 70.04 | 70.7 68.5 74.12

Table 4: Heights of constructed e-trees on ISAC "85 benchmiacuits, also usingnin-fill for lookahead.

recursive decompositions in which the time complexity is
a function of height (i.e., little space for caching), thepr
posed heuristics are actually preferable to other methads f
construction. This applies not only to elimination treas, b
would also apply to dtrees as well.

If intermediate computations are cached (Darwiche
2000), then the time complexity of recursive decomposgtion
becomes a strict function of the width of the variable order-
ing. In this case, a more appropriate strategy is to minimize
the width of the variable ordering, rather than the height of
the tree. However, for mixed models with partial caching,
a mix of both would possibly be advantageous, where the
complexity is not necessarily a function of height. Further
research is needed to determine such a strategy.

Recall that ties in the estimation of the height of an e-tree
were broken arbitrarily, and the average of 50 runs was re-
ported. Different choices resulted in a difference of heigh

that in some cases exceeded 3 variables. This effect was spe-

cially dramatic early in the construction. This suggestd th
a more careful measure might be a dramatic improvement
on the heuristics based omn-sizeor min-fill.
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