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Abstract. We presentan abstractgeneralizatiorof arc consisteng which sub-

sumesghe definitionof arcconsisteng in classicalCSPsWe shav thatthis gen-

eralizationleadsto usefulapplicationin classicalCSPsaswell ansnon-classical
CSPssuchasMaxCSPR andinstanceof the Semi-ringCSPformalismrecently

developedby Bistarelli etal. [2]. We demonstrat¢he developmentof a selection
of thepossibleapplicationsandshav empiricallythatthesecanbeof significant
valuein solving CSPs.

In classicatonstrainsatisfctionproblemgCSPs)the purposés to find anassignment
of valuesto variablessuchthatall constraintonthesevariablesaresatisfied Theremay
be mary suchsatisficingassignmentgust one,or noneatall. In suchproblemsthere
may not be ary reasonto prefer one solution over another When such preferences
do exist in an applicationdomain,the problembecomesan optimizationproblem,in
which the objectis to find an assignmenthat maximizesthe preferenceneasurefFor
example,if aclassicalCSPis over-constrained(i.e., no satisficingsolutionexists), it
maybedesirableéo maximizethe numberof satisfiedconstraintsOther“non-classical”
constrainproblemsncludeweightedCSPsprobabilisticCSPsfuzzy CSPs[2] etc.,in
whichtheobjectiveis to find anassignmenthatoptimizesthe total weight, probability,
roughmembershipor otherglobal property

Arc consisteng algorithms,suchasthe AC-3 [7], arelocal propagatiormethods
usedduring search.However, recentresultsshow thatit is analogouso computing
solutionprobabilitiesn classicalCSP{5]. An alternatveview of arcconsisteng is that
it approximatesatisfiability andexpresseshe approximationn termsof thedomains
of singlevariables.



Basednthisview, ageneralizatiorf thearcconsisteng algorithmhasbeendevel-
oped,andappliedto classicabndnon-classicaCSPsWe call theapproaclfxAC!'The
featuresof the approachareasfollows:

— Localinformationis usedto approximateglobal properties.

— Inferenceis basedon operationglefinedby the optimizationproblem.

— Exactresultsareattainablen speciakcaseswheresub-problenindependenchkolds.

— In applicationghatviolate the assumptiorof sub-problenindependencehelocal
operationganbeappliediteratively, to generateapproximatesolutions.

This approachcanbe usedto derive methodsfor approximatingsomekinds of global
optimization.

This approachhasinstanceghatincludearc consisteng algorithms[7], andprob-
abilistic arc consisteng [5], both of which pre-datethe xAC theory The approactwas
usedto developanalgorithm,calledMaxAC, for usein solvingthe MaxCSPproblem.
It canalsobeusedto derivelocal propagatiormethodghatcanbeusedin solvingother
non-classicaCSPs.

In the next sectionswe presentthe approachin detail, startingfrom a review of
the semiringCSP(SCSP)framework of Bistarelli et al. [2]. The presentatiorof XAC
is aidedby the notationof SCSPsput the centralresultsdo not dependon the specific
propertienf SCSPsSection3 shavs how arcconsisteng andpAC areinstance®f the
approachln Sectior4 we shov how thetechniquecanbe usedto derive algorithmsfor
MaxCSPwhich we evaluateempirically. In Section5 we summarizehe approachand
pointto futurework.

1 Semiring CSPs

In thissectionwe review thesemi-ringconstiaint satisfactiorproblem(SCSP)notation
of [2] asit providesa commonlanguageor our work. The SCSPframework provides
a commonlanguagefor mary kinds of soft constraintproblems,including classical,
fuzzy, valued.

A semiringis atuple(A, x, +,0, 1), in which A isaset,and0, 1 € A. Theoperator
X is aclosedassociatie operatotover pairsof element®f A, with 1 asits unitelement,
and0 asits absorbingelementThe operator+ is closedcommutatve andassociatie,
with unit element). Notethat0, 1, 4+, x do not necessarilydenotethe usualmeanings
in arithmetic.

A c-semiringis asemiringin which x is commutatve,+ isidempoten(i.e.,a+a =
a), and1 is theabsorbingelementof +.

In the SCSPframework, we have a finite setof variablesV, eachtaking values
fromacommondomainD. Classicallya constraints definedasarelationon tuplesof
valuesfrom D. Equivalently, sucha relationcanbe expressedisa functionontuples,
thatreturnsT (i.e., true)if thetupleis in therelation,and L (i.e., false)if it is not.
The SCSPframevork generalizeshis ideaby definingaconstraintasa pair (def , con),
wherecon C V is thetypeof the constraintand def : Dlc°"l — A is the constraint
function, which indicatesthe degreeto which a tuple of the appropriatetype satisfies
theconstraintAs adeparturdrom thenotationalcorventionsof [2], we will sometimes
write c.def andc.con to referto the component®f a constraint.



The SCSPframenork definesprojectionof tuples,asfollows. Let con be a setof
variablesandt € D!<o"l, Letcon' C con, andlett’ € Dl¢o"'l. Theprojectionof ¢ onto
to con' is thesetof valuesin ¢ for thevariablesin con', andis writtent’ = ¢ 57,.

The SCSPframework allows the combinationof of two constraintsasfollows. If
c; andey aretwo constraintsthendefinec = ¢; ® co wherec.con = ¢;.con U ca.con,
and

c.def(t) = c1.def (£15°9" ) X co.def (£ 15597 )

ci1.con ca2.con
Notethathere x is the multiplicative operatorfor the semiring.
The SCSPframeanork definesthe projectionof a constraintonto a setof variables.
The projection of constrint ¢ ontoI C V is a constraintwritten ¢’ = ¢ {5 where

c'.con = c.conN I and
c.def(t') = Z c.def (t)
t=t
Note that the operator) is the prefix expressionfor the additive semiringoperator
+. Also, herewe have taken anotherslight departurérom the notationof [2]: for two
tuplest € DIl ¢ € DIl ¢ |= ' whenaert [, = t'. Thusthe sumis over all
thetuplest thatprojectinto ¢'.

Thesolutionof a SCSPis alsoageneralizatiorof aclassicalCSPconceptConsider
the problemof finding all tuplesof valuessatisfyingall the constraintsn a classical
CSPThisis equivalentto findingtherelationaljoin of all theclassicatonstraintsin the
SCSPframenork, a SCSPproblemis a tuple (C, con) whereC is a setof constraints,
andcon is asetof variablesf interest Thesolutionis aconstraintdefinedby Sol(P) =
(®CEC c) Ucon- In this paperthevariablesof interestwill bethe unionof thetypesof
all constraintsn C.

In thenext sectionwe usethis notationto derive anotionof local consisteng which
generalizesrcconsisteng.

2 XAC: aframework for generalizedarc consistency

Theresultsin this sectionarepresentedn the context of the SemiringCSPframeavork
aspresented@bove. It is corvenientto do so,becauséhey have developeda frameavork
for discussiongeneralizedCSPs.Our resultsdo not dependon mary of the specific
assumptionsf this framework, however.

For classicalCSPs,eventhoughcompletesolutionscould be found by computing
the relationaljoin of all the constraintsj.e., (... ¢), searchwasthe techniqueof
choicefor reasonf spaceefficiency, andthe possibility of using heuristicsto avoid
mary uselessnferences.

Arc consisteng algorithmscanbe seenasa satisfiability algorithmfor constraint
satishction:in the specialcaseof tree-structuredCSPs(thatis, whenthereis exactly
one path betweenary two nodesin the correspondingconstraintgraph),the values
eliminatedby AC algorithmsdo not appeaiin ary solutionof the CSR andalso,each
remainingdomainvalueappearsn somesolutionof the CSP Furthermorethe global
propertyof satisfiabilityis representeah termsof thedomainsof eachvariable.ln CSPs
with more generalconstraintgraphs,arc consisteng algorithmscanstill be applied;
however, in thegenerakasethey eliminatedomainvaluessoundly but notcompletely



Definition 1. Let P = (C, con) be a semiringconstaint problemwith constaints C
andvariablescon. Themamginal solutionof P onvariablesI C con, written M(P) is

definedasfollows:
My(P) = (@ c> Ur

ceC

When! containsa singlevariable X, wewrite Mx = (®.cc ¢) ${x}-

Theideais to projectthe solutionof the SCSPontoa singlevariable.The maginal
solutionis whatarc consisteng algorithmscomputewhenthe CSPis treestructured,
andit is whatthey approximatevhenthe CSPis nottreestructured.

Theterm“marginal” is borrovedfrom the probability calculus.Since® and| are
definedin termsof x and +, a maminal solution M;(P) is strongly relatedto the
computatiorof mamginal probabilitiesin graphicalprobabilitymodelssuchasBayesian
networks[9]. We will discusghis relationshipfurtherin Section3.

This definitionis not anefficient meandor computingthe marginal solution.

Theorem1. Let Px be the setof constaints whosetype includesvariable X, i.e.,
Px = {c € C|X € c.con}. If there exist subpoblemsP, . . ., P, suc thatfor every
pair of constaintsc; € C; ande; € Cj, ¢i.conNej.con = 0,4 # j,andconx Ncon; =
N;, whee N; is a setof neighbousof X in P, then

m

Mx(P) = @ {[C: ® Mw,(P)] Ux |

i=1

The theoremsaysthatif the problemis separablet X, thenwe cancomputethe
marginalon X if we know themaiginalon X'sneighboursThereis nothingsurprising
aboutthis result;however, it providesan alternatve meansof computinglocal consis-
teng in SCSPsThe constraintpropagatiortechniquegor SCSPY2, 1] arenot based
on maminal solutions but rather on modifying the constraintshemseles.

Theproofof thetheorenis straightforward.It reliesonthecommutatvity andasso-
ciativity of thesemiringoperationst and x, but no otherpropertiesThus,theresultis
expressederein termsof SCSPshut doesnotrely on ary propertyspecificto SCSPs.
In particular theidempotenc®f + andtheabsorbingelementl of + areirrelevant.

Thetheoremhasanumberof consequenced. thetheoremholdsfor everyvariable
in a SCSPthenthe marginal solutionscanbe assessedy purely local computations,
andalsoin polynomialtime, asin thefollowing theorem For simplicity, we presenthe
theoremfor binary CSPslt canbeextendedo constraintof arbitraryarity.

Theorem 2. For abinary SCSReonstaint problemdefinedbverthec-semiring{ 4, x, +,0, 1)
with a tree-structued constiaint graph,for anyvariable X havingconstaintsCxy, =
(def ;,{X,Y:}),i =1,...,m (theY; aretheneighbousof X in theconstaintgraph),
definethefollowing:

Cxy, = (def,con) € C



where Cxy,.con = {X,Y;}
medef :Dx x -DY1 — A

Sg?%, = (CXY,- ® PS?%,) Ix
where Sg?%,i.con = {X}

SEh-def (@) = > (Cxvi-def (2,9) x PEY, def (v))

yEDyi
k k
PT( ) ® S(i)

where Mg?).con ={X}

m

MY def (2) = [ Sy, -def (x)

i=1
k+1 k
P%X )= ® Sg&
J#i
where ng}l).con ={X}
PUAY def (x) = [[ S, -def ()
J#i
0
Py
such that ng)x.con ={X}
P def (z) = 1

If theconstrint graphhasdiameterd, then
Mx(P) = MY’
m|

ThetheorenmdefineghexAC equationsandestablisheshatthey computemarginal
solutionsin certaincases.The notation Sgg, can be interpretedas the supportof X
fromY in thekth iteration.Likewise,Pg?%, is themessaggropagatedo X fromY on

thekth iteration,andMg?) is the kth approximatiorof the maminal solution.

The proofis not difficult, andit is only a very slight generalizatiorof well-known
resultsin constraintreasoningandprobabilisticreasoning6, 3, 5]. The proof doesnot
dependntheidempotencef + or thefactthat1 is anabsorbingelementof +.

While the requirementhatthe CSPbetree-structuredeemsrery strong,we point
out that several instancef this approactcanbe successfullyappliedto CSPswhich
arenot tree-structuredAC-3 [7] is oneinstanceand pAC [5] is another We discuss
theseapplicationsn the next section.

Ultimately, the usefulnes®f this approachss to allow the derivation of local con-
sisteny algorithmsfor any problemswhich have a join operationanda projectionop-



eration.The xAC approactprovidesthe necessaryheory andinstancef the theory
canbe createdasthe needarises.By generalizingarc consisteng, we have provided
solutionsfor MaxCSP(or partial constaint satisfactior), fuzzy CSPsgtc.

3 Current applications of xAC

In this section,we discusswo applicationsof Theoreml that predatethe theory Both
of theseapplicationgargetclassicakonstrainfproblemswith asetV of variablesand
asetC of constraintsEachvariableX € V hasadomainD x, andwe will assumehat
constraintarebinary andrepresentedsrelationCxy C Dx x Dy (here,x is used
to denotecrossproductof sets).

3.1 Arcconsistency

For classicalCSPs,the techniqueof arc consisteng is intendedto remaove elements
from the domainof variablesif theseelementspn the basisof purely local informa-
tion, are known not to occurin a solution[7]. We will assumefor simplicity that all
constraintarebinary. Theresultsapplyaswell to the moregenerakase.

The SCSPinstantiationfor classicalbinary CSPsis ({T, L},A,V, 1, T)[2], i.e.,
the languageof booleanarithmetic.Applying Theorem?2 to this structure we getthe
following.

C'Xyi.def : DX X Dyi — {T,J_}
S8 def@) =\ (Cxvi-def (v,9) NPE, def ()

y€EDy;

M) def (x /\ S .def (x

PUIY def (« /\ Sy -def (z
J#i
PO def(z) =T

Notethedefinitionfor Sg?%/.def (x), whichencodeshedefinitionof arcconsisteng

for thesinglearc(X,Y"). Theequatiorfor Mg?).def(m) determinesf avaluez € Dx
shouldbe eliminatedfrom thedomainof X : if noneighbourY” supportghevalue,then
theconjunctionis false,andthe kth projectiononto X is L.

3.2 Solution counting

Thisis the problemof countingthe numberof solutionsto a classicalCSP An efficient
methodis known for tree-structuredCSPs[3]. This methodis equivalentto the xAC



equationn thesemiringstructure({0, ..., N}, x,+,0, N), whereN = |D"|, andn
is the numberof constraintsn the problem.Theorem?2 canbe applied,resultingin:

nyi.def : Dx x DY, — {O,,N}
SEh def (@) = . (Cxv-def (v,y) x PYY, . def (1))

y€EDy;

ME) def (z H S&). . def («

PY def (z) = H Sy, -def ()
J#i
P, def (z) = 1

3.3 Probabilistic arc consistency

Thematerialpresentedh this sectionis a brief review of oneof theresultsin [5].

Probabilistic arc consistencypAC) is a techniqueusedto approximatesolution
probabilitiesfor a classicalCSP A solution probability for a variableis a frequeng
distribution over its values representinghe proportionof the numberof solutionsthat
make useof thatvalue.The useof this approximationasa dynamicvariableordering
heuristichasbeenfound to reducebacktrackingin randomCSPsby asmary astwo
ordersof magnitudg5].

Theequationgor pAC canbederivedfrom thexAC equationgor solutioncounting
with theadditionof anormalizationconstanin the definition of Mgﬁ) .def . In thepAC
equationghatfollow, x, + aremultiplicationandadditiondefinedon reals.

CXYl def : DX XDY —>[0 1]
(k) def Z (C’Xy def (z,y) X P(k)i.def(y))

Y€ Dy;
M(k) def (z) =« H S def

P def Hs““’ def (z
J#i
Py def (z) = 1

The quantity « in the definition of Mg?) .def is a normalizationconstanthat ensures
thateachmaminal distribution sumsto 1. It doesnot comefrom Theorem2put is due
totheassumptiothatthemarinalcanbedeterminedy consideringheconstraintsn-
dependentlyThis assumptions called“causalindependenceivhenmadein Bayesian
networks,for example.



A Bayesiametwork is a DAG in which the nodesare“randomvariables’andthe
arcsrepresenprobabilisticdependencezachnode X in the graphhasparentgpa(X),
exceptfor “root” nodesfor whompa(X) = 0. The joint probability distribution en-
codedby the Bayesiametwork with a setof variablesU = {X;, ..., X, } is assumed
to have a factorizationin termsof prior and conditionalprobabilities. Thesedistribu-
tions canbe assessebly experts,or learnedfrom data.Eachvariable X; hasa setof
possiblevaluesD;; the probability of atuplet = (z1,...,2,) € D1 X ... X Dy, is
givenby

n

P(t) = [[ Pt

i=1

For avariableX;, themamginal probabilityof ; € D; is

P(z;) = Y P(t)

t*l’ga(Xi))

t|:zj
= Z P(mJ|t~l'ga(X]))P(tJfga(X]))
t|:z]-
Here, the summationis over all tuplesthat containz;. Note that P (x|t *LpUa,(Xj)) is
giveninformation,andthatP (¢ [U ) is amaginal probability on a tuple from the

pa(X;)
parentsof X;. Thereaderis invited toJcomparethis equatiorwith Theoreml.

If we assumethat the parentsof X; are conditionallyindependentthenwe can

write
Ptlpx)) = ] PEY)
Xepa(X;)

This lastassumptionis equivalentto the assumptiorthatthe Bayesiametwork is tree
structuredor singly-connected
Finally, we considerthe very specialcasethat the conditional probability distri-
bution of a variableX; givenits parentscanbe representedsa productof simpler
distributions:
P(zjltpax;y) =[] POGIEE)
Xepa(X;)

Thea is anormalizationconstantwhich ensureshat

> Plaftdpyx,) =1

wEDXj

This lastassumptiormay seemunrealisticfor mostprobabilisticmodels,but it is rou-
tinely madefor CSPs:eachconstrainton a variableactson thatvariableindependently
of ary otherconstrainton thatvariable.lt is this assumptiorthatresultsin the normal-
izationconstanfor pAC, asmentionedabove.

Theseassumptionsllow usto expressthe mamginal probabilityof z; € D;:

Pizj)=a ][] . PlyPQ)

Yepa(X;) yeDy



In otherwords, whentheassumptionkold, themaminalon X ; canbedeterminedrom
themamginalsonits parentsThis givesatop-donvn algorithmfor determiningmarginals
in the Bayesiametwork, whichis equivalentto directedarcconsisteng [3]. Thereader

is invited to comparethis equationwith pAC equationfor Mg?).def .

4 MaxCSP

In this section,we focuson the applicationof Theorem?2 to the partial CSPproblem,

alsocalledMaxCSP In this problem,we take an over-constrainectlassicalCSR and

the goal is to find an assignmenthat maximizesthe numberof satisfiedconstraints.
The usualapproachnvolvesbranchandboundsearchpossiblywith heuristicsIn the

following, we derive a local consisteng algorithmfor MaxCSPthat canbe usedasa

heuristicduringsearch.

4.1 MaxAC: Constraint propagationfor MaxCSP

In MaxCSPR constraintsare classical but the quantity we are optimizing is not satis-
fiability, but the numberof satisfiedconstraintsThus,if therearen constraintdn the
problem,the semiringstructurefor MaxCSPis ({0, . ..,n}, +,max, 0,n) wheren is
the numberof constraintsThe multiplicative operatorof the semiring, x, is instanti-
atedhereasintegeraddition.In otherwords,if two constraintsarecombinedthenary
giventuple cansatisfyeither both, or neitherconstraintandthe numberof constraints
satisfiedis determinedby simply addingdef (t) values.The additive operatorof the
semiringis max.
ThexAC equationgor MaxCSPareasfollows:

an.def : Dx % Dyi — {0,1}
Sg?%,i.def(w) = rggx (an.def(w,y) + ng,i.def(y))

MY def (x Zs““) def (z

PUAY def (z Z S, -def (x
J#i
ng)x.def(w) =0

We referto theseequationsasthe MaxAC equations.

Theorem? stateghatundertheassumptiorof tree-structuredonstraingraphsthe
quantityMg?) .def (x) representthemaximumnumberof satisfiedconstraintsatisfied
by ary solutioninvolving X = z. It is asimplematterto maximizefor thebestvaluein
Dx . Furthermorethe computatiorof Mg?).def(x) canbedoneefficiently. Therefore,
we have the following algorithm:for every variablein someorder, we maximizethe
mauginal, andfix the variableto the maximizing value. When all the variableshave
beenassignedn thisway, a MaxCSPsolutionhasbeenfound.
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Whenthe CSPis not tree-structuredthe theoremdoesnot apply The equationsas
Theorem? describeshem,resultin maminal constrainfunctionsthatincreasevithout
boundask increasesThis samecriticism wasmadetoward solutioncounting(the in-
tegerprecursotto pAC; seeSection3.2).In practice however, cornvergenceof pAC has
beendemonstrateémpirically.

TheMaxAC marminalsarenotconstrainedy theequationgo ary finite bound.The
pAC maminalsareconstrainedy normalizatiornto bein therange|0, 1].

We hypothesizedhatif the MaxAC equationsvereaugmentedy somemeansof
limiting therangeof the maminals,usefulconvergencemight be obtained We usedthe
following method.

Define Mg?).def so that the mamginal distribution is representedn termsof the
differencefrom the minimumvalue:

M) def (z) = -8 + Z S{¥) . def (x

where

8= mm Z S def

Thisapproachs motivatedby theobsenationthatthe countof satisfiedconstraintsnay
increasawith eachiteration,but thedifferencebetweerthe countsmaynot changevery
much.Thevalueof this approachs the subjectof the next section.

4.2 Preliminary evaluation

In very specialcaseof tree-structurecconstraintgraphs,the original unnormalized
MaxAC equationareexact.However, we areinterestedn thepossibility of usingthese
equationsn moregeneralproblems,asthe basisfor computingheuristicsthat canbe
usedduringsearchTo dealwith CSPghatarenottree-structuredyeintroduceda“nor-
malization” methodto the MaxAC equationsin this section,we briefly presentsome
preliminary empirical evidencethat suggestghat this kind of constraintpropagation
canbeinformative.

The quality of the information provided by the MaxAC equationds shavn by a
positive correlationof the approximatemarginalswith the exact maiginals. The com-
putationof exactvaluedlimits thesizeof the problemdeasiblefor thecomparisonThe
MaxAC equationswere applied (using differencefrom minimum as the normalizing
step)to randomover-constrainedCSPs.We usedtwo samplesof 150 problemsof 10
variablesand5 valueseach.Thefirst samplewascomputedusingthe“flawed” random
CSPmodelasdiscussedy [4], for p; € [0.5,...,1.0] andp, € [0.5,...,0.9]. The
secondsamplewere constructedusing a uniquerandomCSP model, which is based
on the “flawed” model, but in aboutone-thirdof the constraintsthe disalloved pairs
are chosenfrom a smallersubsetof possiblepairs.In effect this model puts clusters,
or “holes; of disallowvedpairsinto the constraintThis modelwasconstructedo avoid
“uniformity” of typical randommodels,in which it is expectedthat every value will
appeaitin a MaxCSPsolutionwith aboutthe samenumberof satisfiedconstraintsOb-
viously, the uniform randomCSPsdoescauseproblemsfor MaxAC, but they arealso
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uninterestingasa randomassignmentvould be expectedto befairly closeto optimal.
The secondsamplewasgeneratedvith p; € [0.5,...,1.0] andp, € [0.5,...,0.9], as
before.

Min Max MedianAverageStd.Dev.
Samplel -0.09360.9950.625 0.620 0.253
Sample2 0.292 1.0 0.929 0.853i 0.163
Table 1. Correlation betweenapproximatemarginals, computedby MaxAC, and the exact
maiginalsfor two setsof randomover-constrainedCSPs.

The comparisonwasdeterminedoy computingthe correlationcoeficient between
theapproximatenaminal andtheexactmaminal, for eachvariablein the CSR andthen
averagingover all variables Theresultsareshovn in Table 1. For thefirst sample the
averagecorrelationrangedrom justbelow zero(indicatingno correlation)}to justbelow
1.0,indicatingperfectcorrelation For this samplethemedianis 0.625, whichindicates
thatfor half of the problemsthe MaxAC approximatioris stronglycorrelatedwith the
exactvalues.

The secondsamplehasa strongercorrelationbetweenthe approximateand exact
maminals, as indicatedby the mediancorrelationof 0.929. Theseresultsshowv that
MaxAC approximationganbevery good.
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Fig. 1. A plot of the numberof consisteng checksrequiredto find the MaxCSPassignmenfor
flawedrandomCSPsusingvariousheuristics.
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Thesecondartof our preliminaryresultsmadeuseof MaxAC asaheuristicduring
searchWe constructedver-constrainedandomclassicalCSPs andemployedbranch
andboundsearchwith MaxAC asa heuristic,without heuristicguidance(i.e., lexico-
graphicalordering)andalsowith arandomvalueordering. TheMaxAC maminalswere
usedasa staticvalueorderingheuristic(i.e., exploring valueswith high MaxAC counts
first). As well, the MaxAC maminalswereusedto find a lower boundon the MaxCSP
solution.Thiswasdoneby constructinganassignmenbasedn the MaxAC maminals
in a greedymanner:choosethe value that maximizedthe MaxAC maminal for each
variable.

Theresultsareshovn in Figuresl and2. We constructe®0 CSPswith 10variables
and 10 valueswith p; = 0.8 andp, = 0.8. We recordedthe numberof consisteng
checksrequiredto find the MaxCSPassignmen(the searclcarrieson in vaintrying to
find a bettersolution). The graphsshov how mary of the problemsweresolved using
a given numberof consisteng checks.Clearly, usingMaxAC is superiorto the other
stratgyies,andthereforeMaxAC doesprovide informationthat canbe valuableduring
search.

20
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16

14

12

10 MaxAC —+— B
Unordered ---x---

Random ------

#Solved

0 L L L L L
0 5e+07 1e+08 1.5e+08 2e+08 2.5e+08 3e+08

#CC

Fig. 2. A plot of the numberof consisteng checksrequiredto find the MaxCSPassignmenfor
skewed randomCSPsusingvariousheuristics.

5 Summary and Future Work

We have presentedh constraintpropagationalgorithmschemaxAC, that generalizes
classicalarc consisteng, basedon the ideaof approximatingthe maginal solution of
the CSP Theschemaanbeinstantiatedy providing operatorgor combiningandpro-
jecting constraintsxAC useslocal informationto computeglobal propertiessuchas
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satisfiabilityor probability whenerer the CSPhasa constraintgraphthatis treestruc-
tured.Whenthe constraingraphis nottreestructuredxAC canstill beappliedto these
problemsasanapproximatiormethod.In someapplicationssuchasclassicabrccon-
sisteng, corvergenceo areasonabl@pproximatioris guaranteedby the operatorsin
othercasesgorvergencds notguaranteedyut in someof thesecasesgonvergencecan
be assistedy the choiceof a normalizationoperator Several instancesf xAC have
beenobsenedto corvergeto usefulapproximationavhencorvergenceis not guaran-
teedtheoretically suchas pAC [5], belief propagatiorin Bayesiannetworks[8], and
MaxAC (Section 4).

Theapproachdiffersfrom the k-consisteng approactpresentedh [2] in animpor-
tantway: xAC doesnot dependon theidempotencef the multiplicative operatorused
to combineconstraintvalues Thisis anadwantagevhentheoperatoiis notidempotent,
but a disadwantageasit meanghatin somecasescorvergences notguaranteed.

ThexAC schemacanbeappliedto any semiringCSPinstancesby instantiatinghe
framework with particularsetsandoperatorsFor example,the classof fuzzy CSPsis
the SCSP([0, 1], max, min, 0, 1) [2]. Thusthe xAC equationsfor fuzzy CSPsare as
follows:

C'Xyl..def : Dx x Dyi — [0, 1]
S¥) def(z) = max (min{CXy..def(;c y), P¥) .def(y)})
XY y€Dy; * I T XY

M) def (z) = 12171:?{1 Sg?%’,-‘def(x)
PUY def (z) = min S, -def (x)

Py def(z) = 1

It is intuitively obvious that theseequationswill corverge, evenfor problemswithin
the classwhich do not have tree-structureatonstraintgraphs.It is an openempirical
questionasto whetherthe fixed point will be usefulduring search As with pAC and
MaxAC, someform of normalizationmay be necessaryo completethe equationgor
non-treestructuredprobleminstancesThisis alsoanopenquestion.

Futurework includesa moreformal treatmentof corvergencelt may be thatthe
work of [2] in proving convergencefor their constraintpropagatioralgorithmcanbe
appliedto xAC. As well, we do notyethave aclearpictureof therelationbetweerxAC
andotherproposaldor constrainipropagatiorin non-classicaCSPs Our evaluationof
XAC appliedto MaxCSPis preliminaryandencouragingandfurtherempiricalwork is
on-going.

The xAC schemahasbeenexpressedn termsof semiring CSPs,but it doesnot
dependon the semiringstructure. The relationshipbetweernxAC and Markov random
fieldsis strong,andwe arelooking at how to formalizetherelationshipmoreprecisely
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