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Abstract. We presentan abstractgeneralizationof arc consistency which sub-
sumesthedefinitionof arcconsistency in classicalCSPs.Weshow thatthis gen-
eralizationleadsto usefulapplicationin classicalCSPsaswell ansnon-classical
CSPssuchasMaxCSP, andinstancesof theSemi-ringCSPformalismrecently
developedby Bistarelli etal. [2]. We demonstratethedevelopmentof a selection
of thepossibleapplications,andshow empiricallythatthesecanbeof significant
valuein solvingCSPs.

In classicalconstraintsatisfactionproblems(CSPs),thepurposeis to find anassignment
of valuesto variablessuchthatall constraintsonthesevariablesaresatisfied.Theremay
bemany suchsatisficingassignments,just one,or noneat all. In suchproblems,there
may not be any reasonto prefer one solution over another. When suchpreferences
do exist in an applicationdomain,the problembecomesan optimizationproblem,in
which the objectis to find anassignmentthatmaximizesthepreferencemeasure.For
example,if a classicalCSPis over-constrained,(i.e., no satisficingsolutionexists), it
maybedesirableto maximizethenumberof satisfiedconstraints.Other“non-classical”
constraintproblemsincludeweightedCSPs,probabilisticCSPs,fuzzyCSPs,[2] etc.,in
which theobjective is to find anassignmentthatoptimizesthetotalweight,probability,
roughmembership,or otherglobalproperty.

Arc consistency algorithms,suchasthe AC-3 [7], are local propagationmethods
usedduring search.However, recentresultsshow that it is analogousto computing
solutionprobabilitiesin classicalCSPs[5]. An alternativeview of arcconsistency is that
it approximatessatisfiability, andexpressestheapproximationin termsof thedomains
of singlevariables.
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Basedonthisview, ageneralizationof thearcconsistency algorithmhasbeendevel-
oped,andappliedto classicalandnon-classicalCSPs.Wecall theapproach“xAC.”The
featuresof theapproachareasfollows:

– Local informationis usedto approximateglobalproperties.
– Inferenceis basedon operationsdefinedby theoptimizationproblem.
– Exactresultsareattainablein specialcases,wheresub-problemindependenceholds.
– In applicationsthatviolatetheassumptionof sub-problemindependence,thelocal

operationscanbeappliediteratively, to generateapproximatesolutions.

This approachcanbeusedto derive methodsfor approximatingsomekindsof global
optimization.

This approachhasinstancesthat includearcconsistency algorithms[7], andprob-
abilistic arcconsistency [5], bothof which pre-datethexAC theory. Theapproachwas
usedto developanalgorithm,calledMaxAC, for usein solvingtheMaxCSPproblem.
It canalsobeusedto derivelocalpropagationmethodsthatcanbeusedin solvingother
non-classicalCSPs.

In the next sections,we presentthe approachin detail, startingfrom a review of
the semiringCSP(SCSP)framework of Bistarelli et al. [2]. The presentationof xAC
is aidedby thenotationof SCSPs,but thecentralresultsdo not dependon thespecific
propertiesof SCSPs.Section3 showshow arcconsistency andpAC areinstancesof the
approach.In Section4 weshow how thetechniquecanbeusedto derivealgorithmsfor
MaxCSP. which we evaluateempirically. In Section5 we summarizetheapproachand
point to futurework.

1 Semiring CSPs

In thissection,wereview thesemi-ringconstraint satisfactionproblem(SCSP)notation
of [2] asit providesa commonlanguagefor our work. TheSCSPframework provides
a commonlanguagefor many kinds of soft constraintproblems,including classical,
fuzzy, valued.

A semiringis atuple
���
	��
	���	���	����

, in which
�

is aset,and
��	������

. Theoperator�
is aclosedassociativeoperatoroverpairsof elementsof

�
, with

�
asits unit element,

and
�

asits absorbingelement.Theoperator
�

is closed,commutativeandassociative,
with unit element

�
. Note that

��	���	���	��
do not necessarilydenotetheusualmeanings

in arithmetic.
A c-semiringis asemiringin which

�
is commutative,

�
is idempotent(i.e., � � ���� ), and

�
is theabsorbingelementof

�
.

In the SCSPframework, we have a finite set of variables � , eachtaking values
from acommondomain� . Classically, aconstraintis definedasarelationon tuplesof
valuesfrom � . Equivalently, sucha relationcanbeexpressedasa functionon tuples,
that returns � (i.e., true) if the tuple is in the relation,and  (i.e., false)if it is not.
TheSCSPframework generalizesthis ideaby definingaconstraintasapair

�"!$#&%'	"(*)�+,�
,

where
(*)�+.- � is the typeof the constraint,and

!$#&%0/ �21 3547681,9 �
is theconstraint

function,which indicatesthe degreeto which a tuple of the appropriatetype satisfies
theconstraint.As adeparturefrom thenotationalconventionsof [2], wewill sometimes
write

(;:<!$#&%
and

(;: (�)�+
to referto thecomponentsof a constraint

(
.
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The SCSPframework definesprojectionof tuples,asfollows. Let
(*)�+

be a setof
variables,and = � �21 354"6�1 . Let

(�)�+?>A@B(�)�+
, andlet = >A� �21 35476$CD1 . Theprojectionof = onto

to
(*)�+ >

is thesetof valuesin = for thevariablesin
(*)�+ >

, andis written = > �E=GF 3547635476 C .TheSCSPframework allows the combinationof of two constraints,asfollows. If( � and
( � aretwo constraints,thendefine

( � ( �IH ( � where
(;: (*)�+ � ( � : (*)�+KJL( � : (*)�+ ,

and (;:<!$#&%NM =7OP� ( � :<!$#&%NM =�F 3"Q 354"63SRTQ 35476 O ��( � :<!$#&%UM =�F 3"Q 354"63WV*Q 35476 O
Notethathere

�
is themultiplicativeoperatorfor thesemiring.

TheSCSPframework definestheprojectionof a constraintontoa setof variables.
The projection of constraint

(
onto X - � is a constraintwritten

( > � (ZYN[
where(*>�: (*)�+ � (\: (*)�+^] X and ( > :_!�#�%UM = > OI�a`b 1 c b C (;:<!$#&%'M =7O

Note that the operator d is the prefix expressionfor the additive semiringoperator�
. Also, herewe have takenanotherslight departurefrom thenotationof [2]: for two

tuples = � �21 354"6�1 	 = >P� �21 354"6\CD1 , =fe �g= > whenever =�Fh354"6354"6 C �i= > . Thusthesumis over all
thetuples= thatprojectinto = > .

Thesolutionof aSCSPis alsoageneralizationof aclassicalCSPconcept.Consider
the problemof finding all tuplesof valuessatisfyingall the constraintsin a classical
CSP. Thisis equivalentto findingtherelationaljoin of all theclassicalconstraints.In the
SCSPframework, a SCSPproblemis a tuple

�&jk	�(*)�+,�
where

j
is a setof constraints,

and
(*)�+

is asetof variablesof interest.Thesolutionis aconstraintdefinedby l );m"M�n Oo�pWq 3"r$s (utvY 35476 . In this paper, thevariablesof interestwill betheunionof thetypesof
all constraintsin

j
.

In thenext section,weusethisnotationto deriveanotionof localconsistency which
generalizesarcconsistency.

2 xAC: a framework for generalizedarc consistency

Theresultsin this sectionarepresentedin thecontext of theSemiringCSPframework
aspresentedabove.It is convenientto doso,becausethey havedevelopeda framework
for discussiongeneralizedCSPs.Our resultsdo not dependon many of the specific
assumptionsof this framework, however.

For classicalCSPs,eventhoughcompletesolutionscouldbe foundby computing
the relationaljoin of all the constraints,i.e.,

p5q 3"r$s (�t , searchwas the techniqueof
choicefor reasonsof spaceefficiency, andthe possibility of usingheuristicsto avoid
many uselessinferences.

Arc consistency algorithmscanbe seenasa satisfiabilityalgorithmfor constraint
satisfaction: in the specialcaseof tree-structuredCSPs(that is, whenthereis exactly
one path betweenany two nodesin the correspondingconstraintgraph),the values
eliminatedby AC algorithmsdo not appearin any solutionof theCSP, andalso,each
remainingdomainvalueappearsin somesolutionof theCSP. Furthermore,theglobal
propertyof satisfiabilityis representedin termsof thedomainsof eachvariable.In CSPs
with moregeneralconstraintgraphs,arc consistency algorithmscanstill be applied;
however, in thegeneralcase,they eliminatedomainvaluessoundly, but notcompletely.
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Definition 1. Let
n � �wjk	"(*)�+,�

be a semiringconstraint problemwith constraints
j

andvariables
(*)�+

. Themarginalsolutionof
n

onvariablesX -B(*)�+ , written x [�M&n O is
definedasfollows: x [�M&n OI�zy?{3"r$s (T|�Y'[
WhenX containsa singlevariable } , wewrite x�~�� pWq 3"r$s ( t YU� ~�� .

Theideais to projectthesolutionof theSCSPontoa singlevariable.Themarginal
solutionis what arc consistency algorithmscomputewhenthe CSPis treestructured,
andit is whatthey approximatewhentheCSPis not treestructured.

Theterm“marginal” is borrowedfrom theprobabilitycalculus.Since H and
Y

are
definedin termsof

�
and

�
, a marginal solution x [ M�n O is strongly relatedto the

computationof marginalprobabilitiesin graphicalprobabilitymodelssuchasBayesian
networks[9]. We will discussthis relationshipfurtherin Section3.

Thisdefinitionis not anefficientmeansfor computingthemarginalsolution.

Theorem1. Let
n ~ be the set of constraints whosetype includesvariable } , i.e.,n ~i�a� (
��j e } ��(\: (*)�+U�

. If there exist subproblems
n � 	�:�:u:*	"n'� such that for every

pair of constraints
(*�U�2j��

and
(�����jI�

,
(��S: (*)�+�]
(��$: (*)�+ �E� 	7������ , and

(*)�+ ~ ]
(*)�+?� �� �
, where

� �
is a setof neighboursof } in

n
, then

x ~ M&n OP� �{ � c �Z�k� j � H x��'� M&n � OW� Y ~^��
The theoremsaysthat if the problemis separableat } , thenwe cancomputethe

marginalon } if weknow themarginalon } ’sneighbours.Thereis nothingsurprising
aboutthis result;however, it providesanalternative meansof computinglocal consis-
tency in SCSPs.Theconstraintpropagationtechniquesfor SCSPs[2, 1] arenot based
on marginalsolutions,but rather, onmodifying theconstraintsthemselves.

Theproofof thetheoremis straightforward.It reliesonthecommutativity andasso-
ciativity of thesemiringoperations

�
and

�
, but nootherproperties.Thus,theresultis

expressedherein termsof SCSPs,but doesnot rely on any propertyspecificto SCSPs.
In particular, theidempotenceof

�
andtheabsorbingelement

�
of
�

areirrelevant.
Thetheoremhasanumberof consequences.If thetheoremholdsfor everyvariable

in a SCSP, thenthe marginal solutionscanbe assessedby purely local computations,
andalsoin polynomialtime,asin thefollowing theorem.For simplicity, wepresentthe
theoremfor binaryCSPs.It canbeextendedto constraintsof arbitraryarity.

Theorem2. For a binarySCSPconstraintproblemdefinedoverthec-semiring
�&�
	$�
	T��	"�8	��G�

with a tree-structuredconstraint graph,for anyvariable } havingconstraints
j ~
�u�o��"!$#&% � 	 �u} 	��v�5��� , � � ��	�:�:u:�	"� (the

�v�
are theneighboursof } in theconstraint graph),

definethefollowing:j ~
� �I� �"!�#�%'	"(�)�+,����j
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�� u¡"  j ~¢� � : (*)�+ �£�G} 	"� � �j ~¢� � :<!$#&%2/ � ~ � � � �U9 �¤¦¥¨§T©~
� � �«ª j ~¢�G� H�¬ ¥¨§T©~
� �5­ Y ~�
�� u¡"  ¤¦¥¨§T©~
� � : (�)�+ �£�u} �¤ ¥¨§T©~
� � :_!�#�%'MD® OP� `¯ r$°U± � ª j ~
� � :_!�#�%'MD®N	7² O � ¬ ¥_§T©~
� � :_!�#�%UM�² O ­³ ¥¨§T©~ � { � ¤¦¥¨§T©� � ~�
�� u¡"  ³ ¥¨§T©~ : (*)�+ �´�u} �³ ¥¨§T©~ :_!�#�%UMD® OP� �µ� c � ¤ ¥¨§T©~
� � :_!�#�%UMD® O¬ ¥_§T¶ � ©�G�D~ �·{ ��¸c � ¤ ¥¨§T©~
�u��
�� u¡"  ¬ ¥¨§*¶ � ©�G�D~ : (*)�+ �£�G} �¬ ¥¨§*¶ � ©� � ~ :<!$#&%UMD® OP� µ��¸c � ¤¹¥¨§T©~¢�uº :<!$#&%UMD® O¬ ¥¼»�©� � ~½"¾8¿ �gÀ��8Á;À ¬ ¥¼»�©�G�D~ : (�)�+ �´�u} �¬ ¥¼»�©� � ~ :_!�#�%UM�® OP� �
If theconstraint graphhasdiameterÂ , thenx�~ M&n OP� ³ ¥¨Ã�©~�

ThetheoremdefinesthexAC equations,andestablishesthatthey computemarginal
solutionsin certaincases.The notation

¤ ¥¨§T©~
� canbe interpretedas the supportof }
from

�
in the Ä th iteration.Likewise, ¬ ¥_§T©~
� is themessagepropagatedto } from

�
on

the Ä th iteration,and
³ ¥¨§*©~ is the Ä th approximationof themarginalsolution.

Theproof is not difficult, andit is only a very slight generalizationof well-known
resultsin constraintreasoningandprobabilisticreasoning[6, 3, 5]. Theproof doesnot
dependon theidempotenceof

�
or thefactthat1 is anabsorbingelementof

�
.

While therequirementthat theCSPbetree-structuredseemsvery strong,we point
out that several instancesof this approachcanbe successfullyappliedto CSPswhich
arenot tree-structured;AC-3 [7] is oneinstance,andpAC [5] is another. We discuss
theseapplicationsin thenext section.

Ultimately, the usefulnessof this approachis to allow the derivationof local con-
sistency algorithmsfor any problemswhich have a join operationanda projectionop-
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eration.The xAC approachprovidesthe necessarytheory, andinstancesof the theory
canbe createdasthe needarises.By generalizingarc consistency, we have provided
solutionsfor MaxCSP(or partial constraint satisfaction), fuzzyCSPs,etc.

3 Curr ent applications of xAC

In this section,we discusstwo applicationsof Theorem1 thatpredatethetheory. Both
of theseapplicationstargetclassicalconstraintproblems,with aset � of variables,and
aset

j
of constraints.Eachvariable} � � hasadomain� ~ , andwewill assumethat

constraintsarebinaryandrepresentedasrelation
j ~
� @ � ~ � � � (here,

�
is used

to denotecrossproductof sets).

3.1 Ar c consistency

For classicalCSPs,the techniqueof arc consistency is intendedto remove elements
from the domainof variablesif theseelements,on the basisof purely local informa-
tion, areknown not to occur in a solution[7]. We will assumefor simplicity that all
constraintsarebinary. Theresultsapplyaswell to themoregeneralcase.

TheSCSPinstantiationfor classicalbinary CSPsis
� �;� 	  ��	�Å�	�Æ�	  	 � � [2], i.e.,

the languageof booleanarithmetic.Applying Theorem2 to this structure,we get the
following.

j ~
�G� :<!$#&%Ç/ �È~ � �^�G�U9É�;� 	  �¤¦¥¨§T©~
� � :_!�#�%UMD® OP� Ê¯ r$°U± � ª j ~
�G� :_!�#�%UMD®N	7² O Å ¬ ¥_§T©~
� � :<!$#&%'M�² O ­³ ¥¨§T©~ :_!�#�%UMD® OP� �Ë� c � ¤¦¥¨§T©~
� � :_!�#�%'MD® O¬ ¥_§T¶ � ©� � ~ :_!�#�%UMD® OP� Ë��¸c � ¤¹¥¨§T©~¢�uº :<!$#&%UMD® O¬ ¥¼»�©� � ~ :_!�#�%UMD® OP�·�
Notethedefinitionfor

¤ ¥¨§*©~
� :<!$#&%UMD® O , whichencodesthedefinitionof arcconsistency

for thesinglearc
M } 	"� O . Theequationfor

³ ¥_§T©~ :<!$#&%NM�® O determinesif a value
®2� � ~

shouldbeeliminatedfrom thedomainof } : if noneighbour
�

supportsthevalue,then
theconjunctionis false,andthe Ä th projectiononto } is  .

3.2 Solution counting

This is theproblemof countingthenumberof solutionsto aclassicalCSP. An efficient
methodis known for tree-structuredCSPs[3]. This methodis equivalentto the xAC
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equationson thesemiringstructure
� � �8	�:u:�:T	 � ��	$�
	T��	"�8	 � � , where

� �Ìe �K6?e , and
+

is thenumberof constraintsin theproblem.Theorem2 canbeapplied,resultingin:j ~
� � :<!$#&%Ç/ � ~ � � � �I9Í� �8	�:�:u:T	 � �¤ ¥¨§T©~
� � :_!�#�%UMD® OP� `¯ r$°U± � ª j ~
� � :_!�#�%UM�®,	7² O � ¬ ¥_§T©~
� � :<!$#&%NM�² O ­³ ¥¨§T©~ :_!�#�%UMD® OP� �µ� c � ¤¦¥¨§*©~
� � :_!�#�%UM�® O¬ ¥_§T¶ � ©�G�D~ :_!�#�%UMD® OP� µ��¸c � ¤ ¥¨§T©~
� º :<!$#&%UMD® O¬ ¥¼»�©�G�D~ :_!�#�%UMD® OP� �
3.3 Probabilistic arc consistency

Thematerialpresentedin this sectionis abrief review of oneof theresultsin [5].
Probabilistic arc consistency(pAC) is a techniqueusedto approximatesolution

probabilitiesfor a classicalCSP. A solutionprobability for a variableis a frequency
distribution over its values,representingtheproportionof thenumberof solutionsthat
make useof that value.Theuseof this approximationasa dynamicvariableordering
heuristichasbeenfound to reducebacktrackingin randomCSPsby asmany astwo
ordersof magnitude[5].

Theequationsfor pAC canbederivedfrom thexAC equationsfor solutioncounting
with theadditionof a normalizationconstantin thedefinitionof

³ ¥¨§*©~ :_!�#�%
. In thepAC

equationsthatfollow,
�
	��

aremultiplicationandadditiondefinedon reals.j ~
�G� :<!$#&%Ç/ �È~ � �^�G�I9ÏÎ �8	���Ð¤ ¥¨§T©~
� � :_!�#�%UMD® OP� `¯ r$° ± � ª j ~
� � :_!�#�%UM�®,	7² O � ¬ ¥_§T©~
� � :<!$#&%NM�² O ­³ ¥¨§T©~ :_!�#�%UMD® OP��Ñ �µ� c � ¤ ¥¨§T©~¢�G� :<!$#&%UMD® O¬ ¥_§T¶ � ©� � ~ :_!�#�%UMD® OP� µ��¸c � ¤¦¥¨§T©~
��º :<!$#&%UMD® O¬ ¥¼»�©� � ~ :_!�#�%UMD® OP� �
The quantity Ñ in the definition of

³ ¥¨§T©~ :<!$#&%
is a normalizationconstantthat ensures

thateachmarginal distribution sumsto
�
. It doesnot comefrom Theorem2,but is due

to theassumptionthatthemarginalcanbedeterminedby consideringtheconstraintsin-
dependently. This assumptionis called“causalindependence”whenmadein Bayesian
networks,for example.
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A Bayesiannetwork is a DAG in which thenodesare“randomvariables”andthe
arcsrepresentprobabilisticdependence.Eachnode} in thegraphhasparentsÒv� M }�O ,
exceptfor “root” nodes,for whom Òv� M }ÓO
�Ç� . The joint probability distribution en-
codedby theBayesiannetwork with a setof variablesÔi�i�G} � 	�:u:�:*	 } 6 � is assumed
to have a factorizationin termsof prior andconditionalprobabilities.Thesedistribu-
tions canbe assessedby experts,or learnedfrom data.Eachvariable } � hasa setof
possiblevalues � � ; the probability of a tuple =f� M�® � 	�:u:�:*	"® 6 O � � � ��:u:�:?� � 6 is
givenby ¬ M =7OI� 6µ� c � ¬ M =�FÖÕ~ � e =�FÖÕ×uØ ¥ ~ � © O

For a variable} � , themarginalprobabilityof
® � � � � is¬ MD® � OP�Ù`b 1 c?Ú º ¬ M =7O�Ù`b 1 c?Ú º ¬ MD® � e =GFÛÕ×uØ ¥ ~'º © O ¬ M =�FÖÕ×uØ ¥ ~Nº © O

Here, the summationis over all tuplesthat contain
® �

. Note that ¬ MD® � e =�F Õ×uØ ¥ ~'º © O is

given information,andthat ¬ M =�F Õ×�Ø ¥ ~ º © O is a marginal probability on a tuple from the
parentsof } � . Thereaderis invited to comparethis equationwith Theorem1.

If we assumethat the parentsof } � are conditionally independent,then we can
write ¬ M =�FÖÕ×uØ ¥ ~Nº © OI� µ~ r ×uØ ¥ ~'º © ¬ M =�FÖÕ~ O
This lastassumptionis equivalentto theassumptionthat theBayesiannetwork is tree
structured(or singly-connected).

Finally, we considerthe very specialcasethat the conditionalprobability distri-
bution of a variable } � given its parents,canbe representedasa productof simpler
distributions: ¬ MD® � e =�FÖÕ×uØ ¥ ~Nº © OI�EÑ µ~ r ×�Ø ¥ ~'º © ¬ M } � e =�FÖÕ~ O
The Ñ is a normalizationconstant,which ensuresthat`Ú$r$°'Ü º ¬ MD® e =�FÖÕ×uØ ¥ ~ º © OI� �
This lastassumptionmayseemunrealisticfor mostprobabilisticmodels,but it is rou-
tinely madefor CSPs:eachconstrainton a variableactson thatvariableindependently
of any otherconstrainton thatvariable.It is this assumptionthatresultsin thenormal-
izationconstantfor pAC, asmentionedabove.

Theseassumptionsallow usto expressthemarginalprobabilityof
® � � � � :¬ MD® � OI�EÑ µ� r ×uØ ¥ ~Nº © `¯ r$°U± ¬ MD® � e ² O ¬ MD² O
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In otherwords,whentheassumptionshold,themarginalon } � canbedeterminedfrom
themarginalsonits parents.Thisgivesatop-downalgorithmfor determiningmarginals
in theBayesiannetwork, which is equivalentto directedarcconsistency [3]. Thereader
is invited to comparethis equationwith pAC equationfor

³ ¥¨§T©~ :<!$#&%
.

4 MaxCSP

In this section,we focuson theapplicationof Theorem2 to thepartialCSPproblem,
alsocalledMaxCSP. In this problem,we take an over-constrainedclassicalCSP, and
the goal is to find an assignmentthat maximizesthe numberof satisfiedconstraints.
Theusualapproachinvolvesbranchandboundsearch,possiblywith heuristics.In the
following, we derive a local consistency algorithmfor MaxCSPthat canbe usedasa
heuristicduringsearch.

4.1 MaxAC: Constraint propagationfor MaxCSP

In MaxCSP, constraintsareclassical,but the quantitywe areoptimizing is not satis-
fiability, but thenumberof satisfiedconstraints.Thus,if thereare

+
constraintsin the

problem,the semiringstructurefor MaxCSPis
� � �8	�:�:u:*	7+U�h	���	"Ý Á\Þ 	���	7+,� where

+
is

the numberof constraints.The multiplicative operatorof the semiring,
�

, is instanti-
atedhereasintegeraddition.In otherwords,if two constraintsarecombined,thenany
giventuplecansatisfyeither, both,or neitherconstraint,andthenumberof constraints
satisfiedis determinedby simply adding

!�#�%UM =7O values.The additive operatorof the
semiringis

Ý Á;Þ .
ThexAC equationsfor MaxCSPareasfollows:j ~
�G� :<!$#&%Ç/ �È~ � �^�G�I9Í� �8	��\�¤¦¥¨§T©~
� � :_!�#�%UMD® OP� Ý Á;Þ¯ r$°U± � ª j ~
�G� :_!�#�%UM�®,	7² O � ¬ ¥_§T©~
� � :<!$#&%NM�² O ­³ ¥¨§T©~ :_!�#�%UMD® OP� �` � c � ¤ ¥¨§T©~¢� � :<!$#&%UMD® O¬ ¥_§T¶ � ©� � ~ :_!�#�%UMD® OP� ` ��¸c � ¤¹¥¨§T©~¢�uº :<!$#&%UMD® O¬ ¥¼»�©� � ~ :_!�#�%UMD® OP� �

We referto theseequationsastheMaxAC equations.
Theorem2 statesthatundertheassumptionof tree-structuredconstraintgraphs,the

quantity
³ ¥¨§*©~ :_!�#�%UM�® O representsthemaximumnumberof satisfiedconstraintssatisfied

by any solutioninvolving }ß� ® . It is asimplematterto maximizefor thebestvaluein� ~ . Furthermore,thecomputationof
³ ¥_§T©~ :<!$#&%NM�® O canbedoneefficiently. Therefore,

we have the following algorithm: for every variablein someorder, we maximizethe
marginal, and fix the variableto the maximizing value.When all the variableshave
beenassignedin thisway, aMaxCSPsolutionhasbeenfound.
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WhentheCSPis not tree-structured,thetheoremdoesnot apply. Theequationsas
Theorem2 describesthem,resultin marginalconstraintfunctionsthatincreasewithout
boundas Ä increases.This samecriticism wasmadetowardsolutioncounting(the in-
tegerprecursorto pAC; seeSection3.2).In practice,however, convergenceof pAC has
beendemonstratedempirically.

TheMaxAC marginalsarenotconstrainedby theequationsto any finite bound.The
pAC marginalsareconstrainedby normalizationto bein therangeÎ ��	u�*Ð .

We hypothesizedthat if theMaxAC equationswereaugmentedby somemeansof
limiting therangeof themarginals,usefulconvergencemightbeobtained.Weusedthe
following method.

Define
³ ¥_§T©~ :<!$#&%

so that the marginal distribution is representedin termsof the
differencefrom theminimumvalue:³ ¥¨§T©~ :<!$#&%UMD® OP�´à
á � ` � ¤ ¥¨§T©�,~ :<!$#&%NM�® O
where áÓ� Ýãâ¨äÚ ` � ¤ ¥¨§T©�N~ :<!$#&%'M�® O
Thisapproachis motivatedby theobservationthatthecountof satisfiedconstraintsmay
increasewith eachiteration,but thedifferencebetweenthecountsmaynotchangevery
much.Thevalueof this approachis thesubjectof thenext section.

4.2 Preliminary evaluation

In very specialcaseof tree-structuredconstraintgraphs,the original unnormalized
MaxAC equationsareexact.However, weareinterestedin thepossibilityof usingthese
equationsin moregeneralproblems,asthe basisfor computingheuristicsthat canbe
usedduringsearch.To dealwith CSPsthatarenottree-structured,weintroduceda“nor-
malization” methodto theMaxAC equations.In this section,we briefly presentsome
preliminaryempiricalevidencethat suggeststhat this kind of constraintpropagation
canbeinformative.

The quality of the informationprovided by the MaxAC equationsis shown by a
positive correlationof the approximatemarginalswith the exactmarginals.Thecom-
putationof exactvalueslimits thesizeof theproblemsfeasiblefor thecomparison.The
MaxAC equationswereapplied(using differencefrom minimum as the normalizing
step)to randomover-constrainedCSPs.We usedtwo samplesof 150problemsof 10
variablesand5 valueseach.Thefirst samplewascomputedusingthe“flawed” random
CSPmodelasdiscussedby [4], for Ò � � Î ��:æåÛ	u:�:�:�	��$: �;Ð and Ò � � Î ��:æåÛ	�:u:�:T	���: ç;Ð . The
secondsamplewereconstructedusinga uniquerandomCSPmodel,which is based
on the “flawed” model,but in aboutone-thirdof the constraints,the disallowed pairs
arechosenfrom a smallersubsetof possiblepairs.In effect this modelputsclusters,
or “holes,” of disallowedpairsinto theconstraint.This modelwasconstructedto avoid
“uniformity” of typical randommodels,in which it is expectedthat every valuewill
appearin a MaxCSPsolutionwith aboutthesamenumberof satisfiedconstraints.Ob-
viously, theuniform randomCSPsdoescauseproblemsfor MaxAC, but they arealso



11

uninteresting,asa randomassignmentwould beexpectedto befairly closeto optimal.
Thesecondsamplewasgeneratedwith Ò � � Î �8: å�	�:�:u:*	���: �\Ð and Ò � � Î �8: å�	�:u:�:T	"�8: ç\Ð , as
before.

Min Max MedianAverageStd.Dev.
Sample1 -0.09360.9950.625 0.620 0.253
Sample2 0.292 1.0 0.929 0.853i 0.163

Table 1. Correlation betweenapproximatemarginals, computedby MaxAC, and the exact
marginalsfor two setsof randomover-constrainedCSPs.

Thecomparisonwasdeterminedby computingthecorrelationcoefficient between
theapproximatemarginalandtheexactmarginal,for eachvariablein theCSP, andthen
averagingover all variables.Theresultsareshown in Table1. For thefirst sample,the
averagecorrelationrangesfrom justbelow zero(indicatingnocorrelation)to justbelow
1.0,indicatingperfectcorrelation.For thissample,themedianis

�8: èhé$å
, whichindicates

thatfor half of theproblems,theMaxAC approximationis stronglycorrelatedwith the
exactvalues.

The secondsamplehasa strongercorrelationbetweenthe approximateandexact
marginals,as indicatedby the mediancorrelationof

��: ç�é$ç
. Theseresultsshow that

MaxAC approximationscanbeverygood.
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Fig.1. A plot of thenumberof consistency checksrequiredto find theMaxCSPassignmentfor
flawedrandomCSPs,usingvariousheuristics.
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Thesecondpartof ourpreliminaryresultsmadeuseof MaxAC asaheuristicduring
search.We constructedover-constrainedrandomclassicalCSPs,andemployedbranch
andboundsearchwith MaxAC asa heuristic,without heuristicguidance(i.e., lexico-
graphicalordering)andalsowith arandomvalueordering.TheMaxAC marginalswere
usedasastaticvalueorderingheuristic(i.e.,exploringvalueswith highMaxAC counts
first). As well, theMaxAC marginalswereusedto find a lower boundon theMaxCSP
solution.Thiswasdoneby constructinganassignmentbasedon theMaxAC marginals
in a greedymanner:choosethe valuethat maximizedthe MaxAC marginal for each
variable.

Theresultsareshown in Figures1 and2. Weconstructed20CSPswith 10variables
and10 valueswith Ò � � ��: ê

and Ò � � ��: ê
. We recordedthe numberof consistency

checksrequiredto find theMaxCSPassignment(thesearchcarrieson in vain trying to
find a bettersolution).Thegraphsshow how many of theproblemsweresolvedusing
a givennumberof consistency checks.Clearly, usingMaxAC is superiorto the other
strategies,andthereforeMaxAC doesprovide informationthatcanbevaluableduring
search.
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Fig.2. A plot of thenumberof consistency checksrequiredto find theMaxCSPassignmentfor
skewedrandomCSPsusingvariousheuristics.

5 Summary and Future Work

We have presenteda constraintpropagationalgorithmschema,xAC, that generalizes
classicalarc consistency, basedon the ideaof approximatingthemarginal solutionof
theCSP. Theschemacanbeinstantiatedby providing operatorsfor combiningandpro-
jecting constraints.xAC useslocal information to computeglobal propertiessuchas
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satisfiabilityor probabilitywhenever theCSPhasa constraintgraphthat is treestruc-
tured.Whentheconstraintgraphis not treestructured,xAC canstill beappliedto these
problems,asanapproximationmethod.In someapplications,suchasclassicalarccon-
sistency, convergenceto a reasonableapproximationis guaranteedby theoperators.In
othercases,convergenceis notguaranteed,but in someof thesecases,convergencecan
be assistedby the choiceof a normalizationoperator. Several instancesof xAC have
beenobservedto convergeto usefulapproximationswhenconvergenceis not guaran-
teedtheoretically, suchaspAC [5], belief propagationin Bayesiannetworks [8], and
MaxAC (Section 4).

Theapproachdiffersfrom the Ä -consistency approachpresentedin [2] in animpor-
tantway: xAC doesnot dependon theidempotenceof themultiplicativeoperatorused
to combineconstraintvalues.This is anadvantagewhentheoperatoris not idempotent,
but a disadvantage,asit meansthatin somecases,convergenceis not guaranteed.

ThexAC schemacanbeappliedto any semiringCSPinstances,by instantiatingthe
framework with particularsetsandoperators.For example,theclassof fuzzy CSPsis
the SCSP

� Î �8	��*ÐW	7Ý Á\Þ 	7Ýãâ¨ä,	���	���� [2]. Thusthe xAC equationsfor fuzzy CSPsareas
follows: j ~
�u� :_!�#�%Ç/ �ã~ � �^�u�o9ÏÎ ��	u�*Ð¤ ¥_§T©~
�G� :<!$#&%NM�® O�� Ý Á\Þ¯ r$° ± � ª Ýãâ¨ä � j ~
� � :_!�#�%'MD®N	7² O 	 ¬ ¥¨§T©~
�u� :<!$#&%UMD² O � ­³ ¥¨§T©~ :<!$#&%NM�® O�� �Ýãâ¨ä� c � ¤¦¥¨§T©~
� � :<!$#&%UMD® O¬ ¥¨§T¶ � ©� � ~ :<!$#&%NM�® O�� Ýãâ¨ä��¸c � ¤ ¥¨§T©~
��º :<!$#&%UMD® O¬ ¥¼»�©� � ~ :<!$#&%NM�® O�� �
It is intuitively obvious that theseequationswill converge,even for problemswithin
the classwhich do not have tree-structuredconstraintgraphs.It is an openempirical
questionasto whetherthe fixedpoint will be usefulduring search.As with pAC and
MaxAC, someform of normalizationmaybe necessaryto completethe equationsfor
non-treestructuredprobleminstances.This is alsoanopenquestion.

Futurework includesa moreformal treatmentof convergence.It may be that the
work of [2] in proving convergencefor their constraintpropagationalgorithmcanbe
appliedto xAC.As well, wedonotyethaveaclearpictureof therelationbetweenxAC
andotherproposalsfor constraintpropagationin non-classicalCSPs.Ourevaluationof
xAC appliedto MaxCSPis preliminaryandencouraging,andfurtherempiricalwork is
on-going.

The xAC schemahasbeenexpressedin termsof semiringCSPs,but it doesnot
dependon thesemiringstructure.The relationshipbetweenxAC andMarkov random
fieldsis strong,andwearelookingat how to formalizetherelationshipmoreprecisely.
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