CONTROL OF A SHAKING BELT CONVEYOR BY A NOVEL APPLICATION OF FLOQUET-LYAPUNOV THEORY

Raymond J. Spiteri^{1,2}, Pierre Montagnier^2, and Jorge Angeles^2

1 Departments of Computer Science and Mathematics & Statistics 2 Department of Mechanical Engineering & Centre for Intelligent Machines McGill University 817 Sherbrooke Street West Montreal, Quebec, Canada H3A 2K6

ABSTRACT

One method for realizing the self-orientation of workpieces for grasping by a robot is by means of a shaking belt conveyor. Control of small perturbations around the steady state leads to the control of a linear time-periodic system. We propose and successfully implement an approach for control based on a novel application of Floquet- Lyapunov theory.

1 INTRODUCTION

A shaking belt conveyor was proposed in [1] to achieve the self-orientation of workpieces in flexible manufacturing systems. Workpieces, initially deposited onto the conveyor with a random orientation, would acquire a known orientation by the time they are to be grasped by a robotic manipulator (see Fig. 1) with the aid of a vision system. The task of the vision system would, therefore, consist of determining only the location of on landmark point on each workpiece, since the uncertainty regarding its orientation would have been eliminated. This would significantly alleviate the computational burden on the vision system.

This conveyor is to be driven by a multi-step cam mechanism whose synthesis was first reported in [1] and is still under development. The objective of this paper is to address the issues involved in the control of this system at operating speed.

2 PROBLEM FORMULATION

The transmission is driven by a DC motor, as shown in Fig. 2 and we assume that a steady-state has been reached.

We aim to design a controller that would reject any incoming perturbations, thus allowing the belt conveyor to be driven at a constant speed. We model the transmission taking into account the input shaft elasticity k_s, the viscous damping of the rotor c_1, and that of the bearings of the cam c_2 and the follower c_3 (see Fig. 2). Let ψ, θ and ϕ be the respective angular displacements of the rotor after speed reduction, of the cam and of the follower. The electro-mechanical equations of the system are then given by: i + k_v R ψ̇ = i_s τ_m = k_vi I_1ψ̈ � k_s(θ � ψ) = τ_m � c_1ψ̇ (I_2 + I_3ϕ0^2(θ))θ̈ +I_3ϕ0(θ)ϕ00(θ)θ̇^2

+k_s(θ � ψ) = �(c_2 + c_3ϕ0^2(θ))θ̇,

where 0 < r < 1 is the reduction ratio and I_1 = 1/r^2I_{rotor}, I_2 = I_{cam}, I_3 = I_{follower} + I_{load}.

The acceleration ratio over one complete revolution of the cam has been defined [1] as

ϕ00(ψ) = 1 2 α_M [1 � cos(^{2πψ}_{Δψ1} )],

0 ˇ ψ ˇ Δψ1 �^1_2 αm[1 � cos(^{2π}_{Δψ2} (ψ � Δψ1))],

Δψ_1 ˇ ψ ˇ 2π

Figure 1: Shaking belt conveyor, robotic manipulator, and vision system.

i

i_s(t) V_k R ψ θ ϕ

Figure 2: Iconic model of the electromechanical system.

where Δψ_1 + Δψ_2 = 2π. Moreover, the following condition [1] is imposed: α_M α_m = Δψ_2 Δψ_1 with α_M and α_m taking the forms

α_M = 4 NΔψ_1 � 4a Δψ_1

, α_m = 4 NΔψ_2 � 4a Δψ_2 , where a is defined as ϕ0(0), and N is the number of steps of the mechanism.

After linearization about a constant speed ω_0, we eventually obtain:

I_1δψ̈ = �k_sδψ � (c_1 + k_v^2/R)δψ̇ +k_sδθ + k_vδi_s (I_2 + I_3ϕ0^2)δθ̈ = �(2ω_0I_3ϕ0ϕ00 + c_2 + c_3ϕ0^2)δθ̇ �ksδθ + ksδψ. We choose as state vector

x = δψ δψ̇ δθ δθ̇ ,

while the current δi_s(t) is the input variable u(t). The system can then be in the form

ẋ = Ax + bu

where

A(t) =

0 1 0 0 A_{21} A_{22} �A_{21} 0 0 0 0 1 A_{41} 0 �A_{41} A_{44} ,

b = 0 k_v/I_1 0 0 and A_{21} = �k_s/I_1,

A_{22} = �

(c_1 + k_v^2/R)

I_1 , A_{41} = k_s I_2 + I_3ϕ0^2(t) , A_{44} = �

(2ωI_3ϕ0(t)ϕ00(t) + c_2 + c_3ϕ0^2(t)) I_2 + I_3ϕ0^2(t) .

We note that A(t) is now a T -periodic matrix. We display two of its entries, A_{22} and A_{44} in Fig. 2. Should both A(t) and b(t) have been constant matrices, then the use of well-known control strategies for linear time-invariant (LTI) systems would have been straightforward. Unfortunately, results deriving from LTI systems cannot usually be extended to the time-varying case. In fact, long-established and widely applied control schemes for LTI models, e.g. PID controllers, may even contribute to destabilizing a time-varying system.

3 LINEAR TIME-PERIODIC SYSTEMS AND FLOQUET- LYAPUNOV THEORY

Due to its periodicity, our system belongs to a very special class of time-varying systems. Whereas most time-varying systems are often dealt with on a case-by-case basis, linear time-periodic (LTP) systems have been the focus of many studies since the turn of the century. A detailed historical perspective of this topic can be found in [2]. This interest stems from the fact that many physical systems exhibit a periodic behaviour, and they can often be reduced to a set of linear differential equations with periodic coefficients.

One of the most commonly used mathematical method in the analysis of LTP systems is Floquet- Lyapunov theory, which consists of two main results [3]. The first main result states that given the linear time-periodic homogeneous system

ẋ(t) = A(t)x(t), x(0) = x_0, A(t + T ) = A(t),

the state transition matrix (STM) can be decomposed as a product of two factors

Φ(t, 0) = L(t, 0)eF^t, (2)

where L(., 0) is a matrix-valued function, periodic with period T , and F is a constant matrix defined by: F = 1 T ln(Φ(T, 0)). (3)

Figure 3: Selected components of A.

The eigenvalues of F are called the Floquet exponents and determine the stability of the homogeneous system^1.

However, in general, F is complex. We avoid the use of complex algebra by working on two periods rather than one. Redefining L and F as

Φ_{2T} (t, 0) = L_{2T} (t, 0)eF^{2T t}, (4)

F_{2T} = 1 2T ln(Φ_{2T} (2T, 0)), (5)

L_{2T} (t + 2T, 0) = L_{2T} (t, 0), (6)

L_{2T} (0, 0) = 1, (7)

where 1 denotes the identity matrix, it is then known that F_{2T} will be real [4].

As mentioned above, study of the stability of the system requires only the knowledge of F — or, equivalently, of the monodromy matrix Φ(T, 0). The monodromy matrix can be computed by a variety of ways, among which direct numerical integration has been the focus of most investigations so far [5, 6]. However, these studies have thus far only concentrated on an approximation of the monodromy matrix. Furthermore, even when restricted to the purpose of stability analysis, this approach is not always satisfying. For instance, Ewald [7] notes that when investigating helicopter stability, it can be difficult to obtain a good approximation of the Floquet multipliers by direct numerical integration.

The second main result of the Floquet- Lyapunov theory states that the equivalence transformation

x(t) = L(t, 0)z(t) (8)

will produce an equivalent LTI system, namely,

ż(t) = Fz(t). (9)

Note that if the system is not homogeneous but has an input u(t), application of the transformation (8) will result in a transformed system

ż(t) = Fz(t) + L�^1(t, 0)B(t)u(t), (10)

where it must be emphasised that the nonhomogeneous term is still time-varying and periodic.

4 PREVIOUS WORK

Among the fields of mechanical engineering involving research on time-periodic systems, two of the most active throughout the last three decades have certainly been space mechanics and aeronautics. The issues related to the control of a spinning satellite [8, 9] and to the control of the blades of a helicopter rotor [10, 11] have provided the framework for many investigations. Early studies

1The system is stable if and only if all the Floquet exponents are in the left-hand plane.

were primarily focused on determining the stability of an existing system [12, 13, 14], and control schemes have only been considered since the late 1970’s. A short review of these approaches is given by Pandiyan and Sinha [15]. Sinha et al. [16, 17] recently proposed a computation of the STM based on Chebyshev polynomials. Subsequently, this approach allowed them to derive control laws for the placement of the Floquet exponents [18] and the optimal control of an LTP system [19].

5 COMPUTATION OF THE L AND F MATRICES

It is known that L is periodic and satisfies the following first-order matrix differential equation [20]:

L̇(t, 0) = A(t)L(t, 0) � L(t, 0)F, (11a)

with the boundary conditions:

L(0, 0) = L(2T, 0) = 1. (11b)

As F is constant, we can add the equation

Ḟ = 0 (11c)

so that the problem is well posed.

Solving this system for L(., 0) and F is done by using the COLDAE software developed by Ascher and Spiteri [21], even though the full scope of the software goes far beyond the requirements for the solution of problem (11). As eq. (11a) is not linear, a numerical solution first requires providing an initial guess. In our approach, we have opted for producing this initial guess with a zero-order-hold-like algorithm proposed by Hsu [22, 23].

The main idea is to discretize the time interval [0, 2T ] into a sequence of subintervals and approximate the initial LTP system by an LTI system on each of these subintervals. Hsu showed in [22] that the monodromy matrix of the discretized system converges to that of the LTP system as the maximum subinterval length approaches zero.

We extend this approach to also obtain the initial guess for L once the initial guess for F has been made. On each subinterval, substituting Φ_k(t_k) = L_k(t_k)e^{tk}F allows us to derive an approximation for the corresponding L(t_k).

We have not, so far, formally investigated the convergence of L_k towards L, but, as far as the issue of finding an initial guess is concerned, it has always produced adequate results for our intended use. It should be noted that although good approximations for the eigenvalues of the monodromy matrix are obtained relatively easily, the same cannot be said for the individual elements of the matrices L and F. Hence, this approximation does not constitute an efficient yet effective way to compute these matrices.

6 SIMULATION RESULTS

Rahmani and Franklin [24, 25] have proposed a novel control strategy for LTP systems based on the use of sampled data and constant output feedback. To the best of our knowledge, their schemes have not yet been put into practice or further investigated because they heavily depend on the knowledge of the STM at any instant (and the authors left aside the issue of how to compute the STM). We use our computation of the STM to implement the placement of the eigenvalues of F as described in [24]. The procedure is illustrated in Fig. 4 along with the results from simulation. These results are obtained for an initial state vec- tor

x = 0 1 0 0 .

7 CONCLUSIONS

In this paper, we have provided a framework for the control of a shaking belt conveyor by means of a linear time-periodic system. We have used our knowledge of Floquet-Lyapunov theory to compute the state-transition matrix at any time through its Floquet-Lyapunov factors L and F. We then apply a strategy that is dependent on an accurate calculation of the state-transition matrix to control our system. We demonstrate the overall effectiveness of our approach by giving some typical simulation results.

x_1 x_2

x_3 x_4

Figure 4: Simulation results.

8 ACKNOWLEDGEMENTS

The authors wish to acknowledge the support received from the NSERC Strategic Project and the CRM-ISM.

References

[1] K. Khader, S. El-Shakery, R. Abou-Elnasr, J. Angeles, and M. Moustafa, “The synthesis of a multi-step cam mechanism to drive a shaking belt conveyor”, Mech. Mach. Theory, vol. 31, no. 7, pp. 913–924, 1996.

[2] J. A. Richards, Analysis of Periodically Time–Varying Systems, Springer–Verlag, 1983.

[3] C. A. Desoer, Notes for a Second Course on Linear Systems, Notes on System Sciences. Van Nostrand Reinhold, New York, 1970.

[4] E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equations, McGraw- Hill, New-York, 1955.

[5] C. von Kerczek and S. H. Davis, “Calculation of transition matrices”, AIAA Journal, vol. 13, no. 10, pp. 1400–1402, October 1975.

[6] G. H. Gaonkar, D. S. Simha Prasad, and D. Sastry, “On computing Floquet transition matrices of rotorcraft”, Journal of the American Helicopter Society, vol. 26, no. 3, pp. 56–61, July 1981.

[7] J. Ewald, “An application of Floquet theory to investigate helicopter mechanical instability using a spatial model including rotor blade flapping”, in Eleventh European Rotorcraft Forum, London, England. 1985, pp. 63–1–63–12, City University.

[8] T. R. Kane and P. M. Barba, “Attitude stability of a spinning satellite in an elliptic orbit”, J. of Applied Mechanics, vol. 33, no. 2, pp. 402–405, June 1966.

[9] R. A. Calico Jr. and G. S. Yeakel, “Active attitude control of a spinning symmetrical satellite in an elliptic orbit”, AIAA J.

of Guidance, Control, and Dynamics, vol. 6, no. 4, pp. 315–318, July-August 1983.

[10] R. M. McKillip Jr, “Periodic control of the individual-blade-control helicopter rotor”, Vertica, vol. 9, no. 2, pp. 199–225, 1985.

[11] R. A. Calico and W. E. Wiesel, “Stabilisation of helicopter blade flapping”, Journal of the American Helicopter Society, vol. 31, no. 4, pp. 59–64, October 1986.

[12] D. A. Peters and K. H. Hohenemser, “Application of the Floquet transition matrix to problems of lifting rotor stability”, Journal of the American Helicopter Society, vol. 16, no. 2, pp. 25–33, April 1971.

[13] P. Friedmann and L. J. Silverthorn, “Aeroelastic stability of periodic systems with application to rotor blade flutter”, AIAA Journal, vol. 12, no. 11, pp. 1559–1565, November 1974.

[14] C. E. Hammond, “An application of Floquet theory to prediction of mechanical stability”, in Proceedings of the Specialist Meeting on Rotorcraft Dynamics, Moffett Field, California, February 13–15, 1974, American Helicopter Society and NASA – Ames Research Center, NASA-Ames Research Center.

[15] R. Pandiyan and S. C. Sinha, “Techniques for periodic control of flapping of a helicopter blade”, in Vibration control, analysis, and identification: the 15th Biennial Conference on Mechanical Vibration and Noise, K.-W. Wang, Ed., New York, 1995, vol. 84-1 of Proceedings of the Design Engineering Technical Conferences, pp. 219–225, ASME.

[16] S. C. Sinha and P. Joseph, “Control of general dynamic systems with periodically varying parameters via Lyapunov-Floquet transformation”, Trans. ASME J. Dynamic Systems, Measurement, and Control, vol. 116, pp. 650–656, December 1994.

[17] S. C. Sinha, R. Pandiyan, and J. S. Bibb, “Liapunov-Floquet transformation: Computation and applications to periodic systems”, Trans. ASME Journal of Vibration and Acoustics, vol. 118, pp. 209–219, April 1996.

[18] S. C. Sinha and D.-H. Wu, “An efficient computational scheme for the analysis of periodic systems”, J. of Sound and Vibration, vol. 151, no. 1, pp. 91–117, 1991.

[19] P. Joseph, R. Pandiyan, and S. C. Sinha, “Optimal control of mechanical systems subjected to periodic loading via Chebyshev polynomials”, Optimal Control Applications & Methods, vol. 14, no. 2, pp. 75–90, 1993.

[20] M. C. Pease, Methods of Matrix Algebra, vol. 16 of Mathematics in Science and Engineering, Academic Press, New York, 1965.

[21] U. M. Ascher and R. J. Spiteri, “Collocation software for boundary value differentialalgebraic equations”, SIAM J. Sci. Comput., vol. 15, no. 4, pp. 938–952, July 1994.

[22] C. S. Hsu, “On approximating a general linear periodic system”, Journal of Mathematical Analysis and Applications, vol. 45, pp. 234–251, 1974.

[23] P. Friedmann, C. E. Hammond, and T.-H.

Woo, “Efficient numerical treatment of periodic systems with application to stability problems”, Int. J. for Numerical Methods in Engineering, vol. 11, no. 7, pp. 1117–1136, 1977.

[24] H. M. Al-Rahmani and G. F. Franklin, “Linear periodic systems: Eigenvalue assignment using discrete periodic feedback”, IEEE Trans. on Automatic Control, vol. 34, no. 1, pp. 99–103, January 1989.

[25] H. M. Al-Rahmani and G. F. Franklin, “A new optimal multirate control of linear periodic and time-invariant systems”, IEEE Trans. on Automatic Control, vol. 35, no. 4, pp. 406–415, April 1990.