STRUCTURAL MODEL OF MUSCLE CONTRACTION

By Hannah McKenzie

SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE OF BACHELOR OF SCIENCE, HONOURS AT DALHOUSIE UNIVERSITY HALIFAX, NOVA SCOTIA JUNE 2004

© Copyright by Hannah McKenzie, 2004

DALHOUSIE UNIVERSITY DEPARTMENT OF MATHEMATICS STATISTICS AND COMPUTING SCIENCE

The undersigned hereby certify that they have read and recommend to the Faculty of Graduate Studies for acceptance a thesis entitled “Structural Model of Muscle Contraction” by Hannah McKenzie in partial fulfillment of the requirements for the degree of Bachelor of Science, Honours.

Dated: June 2004

Supervisor:

Dr. Raymond Spiteri

Readers:

Dr. Patrick Keast

DALHOUSIE UNIVERSITY

Date: June 2004

Author: Hannah McKenzie

Title: Structural Model of Muscle Contraction

Department: Mathematics Statistics and Computing Science

Degree: Bsc.Hon. Convocation: October Year: 2004

Permission is herewith granted to Dalhousie University to circulate and to have copied for non-commercial purposes, at its discretion, the above title upon the request of individuals or institutions.

Signature of Author

THE AUTHOR RESERVES OTHER PUBLICATION RIGHTS, AND NEITHER THE THESIS NOR EXTENSIVE EXTRACTS FROM IT MAY BE PRINTED OR OTHERWISE REPRODUCED WITHOUT THE AUTHOR’S WRITTEN PERMISSION.

THE AUTHOR ATTESTS THAT PERMISSION HAS BEEN OBTAINED FOR THE USE OF ANY COPYRIGHTED MATERIAL APPEARING IN THIS THESIS (OTHER THAN BRIEF EXCERPTS REQUIRING ONLY PROPER ACKNOWLEDGEMENT IN SCHOLARLY WRITING) AND THAT ALL SUCH USE IS CLEARLY ACKNOWLEDGED.

Table of Contents

Table of Contents iv

List of Tables v

List of Figures vi

1 Introduction 1

2 The Model of Muscle Contraction 3 2.1 The Physical and Biochemical Structure of Muscle . . . . . . . . . . . 3 2.2 The Theory of Muscle Contraction . . . . . . . . . . . . . . . . . . . 7 2.3 The Huxley Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.4 The Huxley-Zahalak Equation . . . . . . . . . . . . . . . . . . . . . . 12 2.5 Relating Crossbridge Interactions to Force Generation in the Muscle . 15 2.6 Dimensional Analysis and Biological Constants . . . . . . . . . . . . . 15

3 Analytical Solutions and Numerical Methods 18 3.1 The Analytical Solution of the Huxley Equation . . . . . . . . . . . . 18 3.2 The Force Equation and the Solution to the Huxley Equation . . . . 21 3.3 Comparison of the Analytical Solution with Hill’s curve . . . . . . . . 24 3.4 The Analytical Solution of the Huxley-Zahalak Equation . . . . . . . 26 3.5 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4 Summary and Conclusion 31

Bibliography 34

List of Tables

2.1 Dimensions and Units . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.2 Biological Constants . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

List of Figures

2.1 Skeletal muscle structure . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Sarcomere structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.3 Myosin molecule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.4 Actin molecule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.5 3D muscle organization . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.6 Muscle contraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.7 The Huxley model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.8 Rate functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.9 Initial condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.1 The force-velocity curve . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.2 An example of characteristics . . . . . . . . . . . . . . . . . . . . . . 27 3.3 Upwind scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.4 Lax-Wendroff scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

I would like to acknowledge the following people for their contributions (above and beyond!) to the completion of my thesis and for making my time at Dalhousie memorable:

Dr. Spiteri, Dr. Maksym, Dr. Clements, Dr. Keast, Dr. Paré, Dr. Thompson, and the math kids (of which I am one!)

Chapter 1

Introduction

Mathematical modeling is a powerful method of representing many types of systems, allowing scientists to develop a better understanding of the mechanisms that govern them. This is especially true in biology, where it is often uneconomical, inefficient, or simply impossible to conduct certain experiments. Simulation is now considered to be on equal footing with theory and experiments in the process of scientific discovery.

The mechanisms of muscle contraction are of great interest to many scientists. Consequently, they have been studied extensively. Researchers in the medical field are especially interested in developing a tool that would allow them to further investigate and predict how muscles would respond under a variety of conditions imposed by disease.

The Huxley model, first formulated by A. F. Huxley in 1957 [5], is the accepted paradigm of muscle force production [2]. It was considered to be the first unifying theory of muscle contraction, as it succeeded in simultaneously considering mechanical, chemical, thermal, and structural changes in the muscle during contraction. Throughout this paper, when we refer to the model of muscle contraction, we mean A.F Huxley’s original theory of muscle contraction, and not a specific equation. Although the Huxley equation is still used today, the original mathematical formulation is limiting, and has since been extended to provide a more versatile mathematical model. G. Zahalak is credited with this extension, known as the Huxley-Zahalak equation [12], which is also founded upon A.F. Huxley’s original theory.

This thesis is organized into two main sections. Chapter 2 reviews the biological background upon which A.F. Huxley’s theory of muscle contraction is based. This includes the biochemical and physical structure of muscle, as well as the mechanism of contraction. We present a concise derivation of the Huxley [5] and the Huxley- Zahalak equations [12] and discuss how they are used to calculate the total force generated in the muscle.

In Chapter 3 we begin by presenting the complete solution to the Huxley equation. This is followed by a derivation of the force equation from this solution and comparison of the results with A.V. Hill’s famous force-velocity curve [4]. Although a method for solving the Huxley-Zahalak equation is discussed, we only present an outline of its analytical solution. The chapter concludes with a discussion of numerical schemes.

The aim of this thesis is threefold. First to present a comprehensive review of A.F. Huxley’s theory of muscle contraction. Second to introduce the Huxley and the Huxley-Zahalak equations, which describe muscle contraction in mathematical terms. Third, to solve these equations analytically for constant speed of contraction.

Chapter 2

The Model of Muscle Contraction

A strong understanding of the biological theory of muscle contraction is essential to clearly formulate and solve the corresponding mathematical model. In this chapter we describe the physical and chemical structure of the muscle and introduce two models used to simulate muscle contraction. The first is the Huxley equation, a structural model expressed as an ordinary differential equation (ODE), formulated in 1957 by A.F. Huxley [5]. The second model is a reformulation of the Huxley equation as a first-order hyperbolic partial differential equation (PDE) by G.I. Zahalak in 1990 [12]. Both of these models can be used in conjunction with Hooke’s law of elasticity to calculate the force generated in a muscle during contraction.

2.1 The Physical and Biochemical Structure of Mus- cle There are two main types of muscle in the body. The first is skeletal muscle. As the name suggests, it is most often associated with the skeleton; for example, the muscles in the limbs. The second type is smooth muscle. Examples of smooth muscle are the muscles of the airway, heart, and intestinal tract [1]. Although there are several differences between these two types of muscle, the most relevant to this paper is the difference in structure. Skeletal muscle has a fixed architecture, whereas the architecture of smooth muscle is more plastic [1].

Skeletal muscle is responsible for producing voluntary movement. It is capable of both powerful and controlled contractions [2]. Skeletal muscle is also known as striated muscle due to its highly organized structure in both cross-sectional and longitudinal directions (Figure 2.1).

A.F. Huxley’s theory of muscle contraction was originally developed for skeletal muscle.

Figure 2.1: The structure of skeletal muscle, showing the cross-sectional and longitudinal organization (adapted from [2]).

The muscle is made of many bundles of fibers, with each fiber consisting of a single muscle cell. The muscle cell contains discrete bunches of myofibrils, that are segmented longitudinally by repeating units called sarcomeres. The sarcomeres form the basic functional unit of the muscle (Figure 2.2).

The biochemical makeup of the sarcomere is also important for muscle contraction. Each sarcomere is composed of two types of filaments: actin and myosin.

Figure 2.2: Diagram of the structure of a sarcomere (adapted from [2]).

The myosin filament is a relatively thick (12 nm in diameter) filament, composed of the protein myosin (Figure 2.3)[2]. The myosin molecule has two functional regions: a head and a tail. The myosin tails wind around each other to form the filament, while the heads protrude, positioned to bind to sites on the actin filaments. These heads are spaced along the filament at 14 nm intervals, and are offset by 60^∘ from their neighbors [2].

Figure 2.3: Molecular structure of myosin (adapted from [9]).

The actin filament is smaller in diameter (6 nm) than the myosin filament [2]. It is composed of the protein actin (Figure 2.4). The actin molecules are globular in shape and bind together to form a helical chain that contains binding sites for the myosin heads. The actin filament also contains other proteins that operate along with the nervous system to control muscle contraction and provide supporting structures for the filaments [2].

Figure 2.4: Molecular structure of actin (adapted from [10]).

The myosin and actin filaments are arranged in the sarcomere in a specific way, giving the muscle a unique physical structure. Each myosin filament is surrounded by six actin filaments, and then these subgroups are arranged in a hexagonal shape (Figure 2.5). In this manner the three-dimensional structure of the muscle is assembled.

A.F. Huxley’s model of muscle contraction [5], and consequently the Huxley [5] and Huxley-Zahalak [12] equations, are directly based on the physical and chemical properties of the muscle mentioned here.

Figure 2.5: The three dimensional structure of the myofibrils (adapted from [2]).

2.2 The Theory of Muscle Contraction

Force development in the muscle is a function of the shortening, or contraction, of the muscle fibers. The mechanism of muscle contraction proposed in 1954 by H.E. Huxley and Hansen [7], as well as A.F. Huxley and Niedergerke [6], remains widely accepted today. In order to explain how contraction occurs, the model must answer two questions:

1. How does the muscle physically shorten in length?

2. What causes this shortening to occur?

A.F. Huxley proposed the sliding filament model and the crossbridge theory to answer these two questions [5].

The sliding filament model addresses the first question. It is based on two assumptions: first, that the lengths of the myosin and actin filaments remain constant during contraction, and second, that shortening is generated in each sarcomere as the myosin and actin filaments slide past each other, producing an overall shortening effect in the muscle [2]. The sliding filament model is supported by the structure of the muscle and evidence obtained by examining muscle at different stages of contraction with an electron microscope (Figure 2.6).

Figure 2.6: Electron microscopy of skeletal muscle at various stages of contraction showing the concept of the sliding filament theory (adapted from [1]).

The second assumption suggests a mechanism which describes how the shortening is thought to occur. It is further explained by A.F. Huxley’s crossbridge theory, which proposes that the myosin and actin proteins interact to produce the sliding motion of the filaments [5].

The myosin heads, referred to as crossbridges by A.F. Huxley, are considered to be elastic elements that oscillate about their equilibrium positions (i.e., their points of attachment to the myosin filament) due to thermal energy. While the heads are oscillating, they are continuously attaching and detaching from myosin binding sites on the actin filaments. During the time that they are attached, the myosin heads exert a force on the actin filament according to Hooke’s law of elasticity, causing the filaments to slide past each other. The rates of attachment and detachment differ on either side of the equilibrium in order to ensure that force is always being exerted in the direction of contraction (i.e., towards the center of the sarcomere).

By combining the sliding filament model and the crossbridge theory, A.F. Huxley was able to explain, in biological terms, a mechanism of muscle contraction which accounts for the unique nature of muscle.

2.3 The Huxley Equation

The mechanism of contraction proposed by A.F. Huxley is firmly based on established biological knowledge of striated muscle and stated in precise mathematical terms. The Huxley equation describes the two-dimensional model of muscle contraction shown in Figure 2.7 using an ODE.

The goal of this section is to derive the Huxley equation. We begin the derivation by stating some assumptions and introducing the notation. A.F. Huxley made the following assumptions in deriving the equation [5]:

1. Individual crossbridges are independent.

2. At any instant in time, crossbridges can only bind to one actin site.

Figure 2.7: Diagrammatic representation of the Huxley model (adapted from [5]).

3. The functions that describe the rates of attachment and detachment are dependent on the distance from the equilibrium point.

Let M be a myosin head connected to a myosin filament by an elastic element with spring constant k and equilibrium point O, and let A be a myosin binding site located on the actin filament. Then we define M −A to be a myosin-actin crossbridge.

The rates of attachment and detachment depend on x, where x is the distance from O to A, and are given per unit time. Let f(x) be the rate of attachment and g(x) the rate of detachment. These functions are shown in Figure 2.8.

Now consider a large number of M − A pairs with the same x at each instant in time, t. Then the proportion of M − A pairs is a function of time and is denoted by n(t). We can write the rate of change of n(t) as

The rate of change of n(t) = # detached M − A pairs at time t

( rate of attach. ) - # attached M − A pairs at time t

( rate of detach. ) , which can be expressed as

dn dt = (1 − n)f(x) − ng(x). (2.1)

Letting v = − sV 2 ,where s is the sarcomere length and V is the speed of shortening in the muscle (V > 0), and substituting dn dt = dx dt dn dt = v dn dx we can rewrite (2.1) as

Figure 2.8: The functions describing the rates of attachment and detachment of the M − A pairs. The variable h is the distance from O at which M − A crossbridges are no longer able to form, and the values of α, β, and g_0 are given in Table 2 (adapted from [2]).

−v dn dx = (1 − n)f(x) − ng(x). (2.2)

A.F. Huxley was able to solve (2.2) analytically for the case when the sliding velocity of the filaments, v, was constant and the rate functions f, g were as shown in Figure 2.8. We present the complete analytical solution to (2.2) for this case in Section 3.1.

2.4 The Huxley-Zahalak Equation

The Huxley equation (2.2) considers the case when the M − A pairs have the same value of x. However, at any given instant in time t, for a large sample of M − A pairs, it is probable that x would have a random distribution over the range [−0.5l_a, 0.5l_a], where l_a is the distance between A sites [2].

The Huxley-Zahalak equation incorporates this random distribution of x into the model by reformulating (2.2) and considering the proportion of attached M − A pairs as a function of both time and position; i.e., n = n(x, t).

The following derivation of the Huxley-Zahalak equation is based on the law of mass conservation [3, 11]. Let n(x, t) = proportion of M − A pairs. Then for a segment of muscle, (x_1, x_2) over an interval of time, (t_1, t_2) we have

#M − A pairs in (x_1, x_2) at time t_2 − #M − A pairs in (x_1, x_2) at time t_1

= #M − A pairs entering filament at x_1 over (t_1, t_2) − #M − A pairs leaving filament at x_2 over (t_1, t_2) ,

which can be expressed as

Dn(x, t) Dt = [1 − n(x, t)] f(x) − n(x, t)g(x), (2.3) where D is the total derivative. Expanding the left hand side of (2.3) using the chain rule we have

Dn(x, t) Dt = ∂n(x, t) ∂t + dx dt ∂n(x, t) ∂x . (2.4)

Substituting dx dt = v, where v < 0, into (2.4) and combining with (2.3), we obtain

∂n(x, t) ∂t + v ∂n(x, t) ∂x = [1 − n(x, t)] f(x) − n(x, t)g(x). (2.5) We note that (2.5) is the same as (2.2) except that (2.5) is written from a viewpoint that is not fixed in space, but rather one that is moving with the A sites. This PDE is subject to periodic boundary conditions n(−0.5l_a, t) = n(0.5l_a, t), and the initial condition n(x, 0) = n_0(x), where v and n_0(x) are known.

It is appropriate in this case to use periodic boundary conditions for two reasons. First, if we consider the range [−0.5l_a, 0.5l_a], h ≪ l_a (see Table 1, and Figure 2.8). So by definition, the rate functions only allow the M elements to bind with the closest A element. Thus there is no interaction between adjacent A sites (i.e., each A is unaware of its neighbors). In addition, the segmentation of the muscle fibers into theoretically identical actin sites suggests that the same PDE governs each of these sites. The rate functions, f(x) and g(x) are also defined for each A on a range that is contained within [−0.5l_a, 0.5l_a], so they conform easily to a periodic domain.

The initial condition represents the distribution of M −A pairs prior to stimulation of the muscle; i.e., at time t = 0. For this thesis, we choose the initial condition (Figure 2.9 to be as in [12] n_0(x) =

0 for −0.5l_a < x < 0, 0.8 for 0 ≤ x ≤ h, 0 for h < x < 0.5l_a. (2.6)

Figure 2.9: The initial distribution n(x, 0) = n_0(x).

The Huxley-Zahalak equation (2.5) has been solved analytically by the method of characteristics [2]; an outline of the solution is presented in Section 3.3.

2.5 Relating Crossbridge Interactions to Force Generation in the Muscle

Given the sliding velocity, v, and the initial distribution, n_0(x), the Huxley equation (2.2) enables us to calculate the proportion of M − A pairs, n(x). We calculate the amount of force generated by an average M − A pair by integrating over x using Hooke’s law of elasticity, weighted by the proportion of attached pairs, n(x). The M − A pairs act in series, so to calculate the total force in the muscle, we sum the force contributed by each individual M − A pair. It is only necessary to consider the contributions of M − A pairs in half of the sarcomere in the longitudinal direction because the M − A pairs combine to exert force in opposite directions on each side of the sarcomere [2].

If A is the cross-sectional area of the muscle, m the number of myosin elements per unit volume, s the sarcomere length, and k, x as before, the total force generated in the muscle is given by

F (t) = mAs 2 ∫_∞ −∞ kxn(x, t)dx. (2.7) Formally we consider the integral over the range [−∞, ∞]. However, because we restrict the M to bind with only one A at any given time, in practice we may integrate over the domain of x where the PDE is defined, namely x ∈ [−0.5l_a, 0.5l_a].

2.6 Dimensional Analysis and Biological Constants

The purpose of this section is to present a dimensional analysis for the Huxley and the Huxley-Zahalak equations and to state the values we have chosen for the biological constants associated with these equations.

Dimensional analysis is important for two reasons. First, it ensures that the units of the equations are balanced and that they make physical sense. Second, it allows us to connect the solution to physical quantities and make meaningful conclusions about the results in light of the physical phenomena the models are representing.

The formulation of the Huxley and the Huxley-Zahalak equations presented in Section 2.3 and 2.4 results in n(x) and n(x, t) being dimensionless. The dimensions of the other quantities involved in the equations (as presented in [5, 2]) are shown in Table 2.1, along with the units we have chosen for them.

Table 2.1: Dimensions and units of the variables in Huxley (2.2) and Huxley-Zahalak (2.5) equations.

Quantity Dimensions Units x length nm t time s α, β, g_0 time^{−1} s^{−1} v length·time^{−1} nm·s^{−1} l_a length nm k stiffness pN · nm m volume^{−1} nm^{−1} A area nm^2 s length nm

We now demonstrate that the units cancel in the Huxley and the Huxley-Zahalak equations, giving n(x) and n(x, t) in the desired dimensionless form.

For the Huxley equation (2.2): − nm s 1 nm = 1 s − 1 s . For the Huxley-Zahalak equation (2.5): 1 s + nm s ( 1 nm ) = 1 s − 1 s . As mentioned at the end of Section 2.1, the Huxley and Huxley-Zahalak equations are based directly on the biological and chemical properties of muscle. Due to this, several biological constants are required to solve these equations. It is important

to keep in mind that these values are determined empirically and are subject to

experimental error and varying experimental conditions. The values we have chosen

are in line with those used by others in the field [5, 12] and are shown in Table 2.2.

Table 2.2: Biological Constants Biological Constant Symbol Chosen Value Distance between A sites l_a 43 nm Limit of attachment range h 6 nm Sarcomere length s 43 nm Rate function parameters α 43.3 s^{−1} β 10 s^{−1} g_0 209 s^{−1} Cross-sectional area A nm^2 Number of M elements m 16 nm^{−3} Spring constant k 0.6 pN · nm^{−1}

The value chosen for A is dependent on the cross-sectional area of the muscle

that is being modelled, so it is variable depending on the experimental design.

Chapter 3

Analytical Solutions and Numerical Methods

In this section we present the analytical solutions to A.F Huxley’s ODE (2.2) and the Huxley-Zahalak PDE (2.5). We solve the differential equations analytically for the case when the sliding velocity, v, is constant. To our knowledge there is no analytical solution in the literature for either (2.2) or (2.5) that is not restricted by this assumption. However, the behavior of muscle during contraction under a nonconstant velocity is of interest to the medical community. Therefore, in addition to the analytical solution, we also suggest numerical methods that may be used to solve these equations for non-constant v.

3.1 The Analytical Solution of the Huxley Equation

To solve the Huxley equation (2.2) we must consider three cases: x < 0, 0 < x < h, and x > h. This is necessary due to the piecewise definition of the rate functions f(x) and g(x) (Figure 2.8). In the following derivation of the solution we use − sV 2 in place of v in order to remain consistent with Huxley.

Case 1: x ≤ 0, f(x) = 0, and g(x) = g_0, so (2.2) becomes

dn(x) dx = 2g_0 sV n, (3.1)

which can be solved using the method of separation of variables to give

n_1(x) = C_1e^{2g0 xsV} , C_1 ∈ R. (3.2)

Case 2: 0 < x ≤ h, f = αx h , and g = βx h so (2.2) becomes

dn(x) dx = − 2 sV (1 − n(x)) αx h − n(x) βx h . (3.3)

This can be rewritten in the general form

dn(x) dx + 2xn(x) sV h (α + β) = 2αx sV h . (3.4)

We solve (3.4) using the integrating factor μ = e^{∫ x2}sV h^{(α+β)} to obtain

n_2(x) = α (α + β)

+ C_2e^{x2 α+βsV h} , C_2 ∈ R. (3.5)

Case 3: x > h, f = 0, and g = βx h so (2.2) becomes

dn(x) dx = 2βx sV . (3.6)

Again by the method of separation of variables,

n_3(x) = C_3e^{2x2g12} , C_3 ∈ R. (3.7)

Now, to solve for the constants C_1, C_2, and C_3 we use the fact that the solution must be continuous at x = 0 and x = h. Define the following constraint equations:

n_1(0) − n_2(0) = 0, (3.8)

n_2(h) − n_3(h) = 0. (3.9)

In order to solve the system, we require another constraint equation. Following [5] we take

n_3(h) = 0. (3.10)

Using Maple (see Appendix 1) to solve (3.8), (3.9), and (3.10) for C_1, C_2, and C_3 we find that

C_1 = α e h(α + β) (sV ) − 1

e h(α + β) (sV ) (α + β)

, (3.11)

C_2 = − α e h(α + β) (sV ) (α + β)

, (3.12)

and

C_3 = 0. (3.13)

Substituting (3.11), (3.12), (3.13), into (3.2), (3.5), and (3.7) respectively and rearranging, we obtain the solution

n (x) =

0 forx > h, α (α + β) 1 − e h(α + β) sV x^2 h^{2 −1} for 0 < x ≤ h,

α (α + β) 1 − e − h(α + β) sV e 2g_0x sV for x ≤ 0. This is consistent with the original solution found by A.F. Huxley [5].

3.2 The Force Equation and the Solution to the Huxley Equation

Given the above analytical solution to (2.2), it is possible to derive an equation for total force in the muscle. We begin with

F (t) = mAs 2 ∫_∞ −∞ kxn (x, t) dx. (3.14) To account for the fact that n(x) is defined in a piecewise manner, we rewrite (3.14) as

F (t) = mAsk 2 [∫_0 −∞ xn_1 (x) dx + ∫_h 0 xn_2 (x) dx + ∫_∞ h xn_3 (x) dx ] . (3.15)

Consider each integral separately, and take v = − sV 2 . Case 1: x ≤ 0 ∫_0 −∞ xn_1 (x) dx = lim_{κ→−∞} ∫_0 κ xn (x, t) dx = lim_{κ→−∞} ∫_0 κ α (α + β) 1 − e α + β 2v h^2 xe − ( g_0 v ) x dx

= α (α + β) 1 − e α + β 2v h^2 limκ→−∞ ∫_0 κ xe^− ( g_0 v ) x dx

Integrating by parts, let u = x, du = dx, dw = e^− ( g_0 v ) x dx, w = − v g_0 e ( − g_0 v ) x

= α (α + β) 1 − e ( α + β 2v ) h^2 limκ→−∞ − x ( v g_0 ) e^− ( g_0 v ) x | | | | 0

κ − ∫_0 κ − v g_0 e^− ( g_0 v ) x dx

= α (α + β) 1 − e ( α + β 2v ) h^2 limκ→−∞ − ( v g_0

)_2 e^− ( g_0 v ) x | | | 0

κ = α (α + β) 1 − e ( α + β 2v ) h^2 ( − v g_0

)_2 . Hence,

∫_0 −∞ xn_1 (x) dx = α (α + β) l_a 1 − e α + β 2v h^2 ( − v g_0

)_2

. (3.16)

Case 2: 0 < x ≤ h ∫_h 0 xn_2 (x) dx = ∫_h 0 α (α + β) x 1 − e α + β 2v (h^2−x^2) dx

= α (α + β) ∫_h 0 x 1 − e α + β 2v h^2 e α + β 2v (−x^2) dx

= α (α + β) ∫_h 0 x − xe α + β 2v h^2 e α + β 2v (−x^2) dx

= α (α + β) x^2 2 |^h_0 − e α + β 2v h^2 ∫ h 0 xe α + β 2v (−x^2) dx

= α (α + β) h^2 2 − e α + β 2v h^2 − ( v α + β ) e α + β 2v (−x^2) |^h_0

= α (α + β) h^2 2 + ( v α + β ) − ( v α + β ) e α + β 2v h^2 .

Thus, ∫_h 0 xn_2 (x) dx = α (α + β) h^2 2 + ( v α + β ) − ( v α + β ) e α + β 2v h^2 dx. (3.17) Case 3: x ≥ 0

∫_∞ h xn_3 (x) dx = ∫_∞ h 0 dx = 0. Therefore, ∫_∞ h xn_3 (x) dx = 0. (3.18)

Combining the solutions (3.16), (3.17), and (3.18), (3.15) becomes

F (t) = mAsk 2l α (α + β) 1 − e α + β 2v h^2 ( − v g_0

)_2

+ α (α + β) h^2 2 + ( v α + β ) − ( v α + β ) e α + β 2v h^2

= mAskα 2 (α + β) 1 − e α + β 2v h^2 ( − v g_0

)_2

+ h^2 2 + ( v α + β ) 1 − e α + β 2v h^2

= mAskα 2 (α + β) h^2 2 + 1 − e α + β 2v h^2 ( v α + β − ( v g_0

)_2) . Hence,

F (t) = mAskα 2 (α + β) h^2 2 + 1 − e α + β 2v h^2 ( v α + β − ( v g_0

)_2) . (3.19)

3.3 Comparison of the Analytical Solution with Hill’s curve

Now that we have derived an analytic formula (3.18) for the force generated in the muscle, we can use it to calculate the force for several different speeds of contraction. With a judicious choice of constants it is possible to reproduce A.V Hill’s force-velocity curve [4, 2]. This is the same method that A.F. Huxley used to show that his model accurately simulated muscle contraction (Figure 3.1).

Figure 3.1: The relationship between speed of shortening and force. Circles correspond to the solutions to A.F Huxley’s force equation; the straight line is Hill’s characteristic equation (adapted from [2]).

3.4 The Analytical Solution of the Huxley-Zahalak Equation

The Huxley-Zahalak equation (2.5) can be solved analytically using the method of characteristics. This section reviews the method of characteristics and outlines the solution to the Huxley-Zahalak equation by this method.

Since the Huxley-Zahalak equation is formulated from the point of view of a moving observer on a particular A site, we can rewrite n(x, t) as n(x(t), t). Then, as in Section 2, we use the chain rule

Dn(x, t) Dt = ∂n(x, t) ∂t + dx dt ∂n(x, t) ∂x (3.20)

where ∂n(x, t) ∂dt represents the change in n(x, t) at the fixed point A and dx dt ∂n(x, t) ∂x represents the change due to the fact that the A site is moving to a region of potentially different n(x, t).

We also know that A moves with speed dx dt = v, where v < 0 in contraction. Then we can replace the PDE by two ODEs

dx dt = v, (3.21)

dn dγ(t) = (1 − n(t))f(γ(t)) − ng(γ(t)). (3.22)

The solution of (3.21) by integration gives us the general equation of a family of curves. We call these curves characteristics:

x = vt + x_0 (3.23)

Figure 3.2: An example of characteristics. The solution is equal to n(x_0, 0) along the curves. Note that these characteristics represent the case when v > 0, which is not so in our equation (adapted from [3]).

where x_0 is the solution on the initial manifold. This is more clearly shown by Figure 3.2. Integrating (3.22) and taking the continuity of the solution into account we are able to find that the solution n_p is

n_p(x_p+vt) =

0 for t < h − x_p v , α (α + β) l_a 1 − e α + β 2v (h^2−(xp+vt)^2) for h − x_p v ≤ t < − x_p v ,

α (α + β) l_a 1 − e α + β 2v h^2 e^− g_0 v^{(xp+vt)} for −x^p v ≤ t, where n_p gives an expression for the solution along a particular characteristic curve [2]. This is actually the solution on the initial manifold, so for a given initial n_0(s) profile we are able to derive a solution for any n(x, t).

3.5 Numerical Methods

We noted above that the analytical solution is restricted to the case when the sliding velocity, v, is constant. It would be very valuable to have a solution for the case when v is not constant. One way to achieve this would be to solve the Huxley-Zahalak

PDE (2.5) using numerical methods. Although we did not do this for this thesis, we suggest two possible methods here.

The first is the Upwinding Method of Lines (UML) [8]. UML is a popular method for solving PDEs and is partly based on the method of characteristics. The idea behind the method of lines is to discretize one dimension (in our case, space), while leaving the other dimension (time) continuous. This way we obtain a system of coupled ODEs that we can solve using an appropriate software package [8]. Upwinding refers to the scheme we chose to discretize the space variable. In this case, because v < 0, we use a forward difference. Thus, the upwind scheme uses a two-point stencil, as shown in Figure 3.3.

Figure 3.3: Graphic representation of the UML scheme (adapted from [8]).

Written explicitly the UML scheme is dn_j(t) dt = −v n_{j+1}(t) − n_j(t) Δx + ( 1 l_a − n_j(t) ) f_j − n_j(t)g_j , j = 1, ..., J, where J is the number of discrete points in the space variable and f(x_j ) = f_j , g(x_j ) = g_j.

One advantage of the upwind scheme is that it obeys the CFL condition [8]. The CFL condition, which for the PDE n_t + vn_x = 0 is |v|Δt ≤ Δx, is a necessary requirement for convergence of the numerical solution. The CFL condition also ensures stability of the numerical solution when using the upwind method [8]. Note that because we are not solving n_t + vn_x = 0, the actual stability restriction on a numerical solution may be different then the stable CFL condition.

However, the UML introduces large amplitude errors [8]. This reduction in amplitude is why we also suggest a second method, known to more accurately preserve the amplitude of the wave over time.

This second method is called the Lax-Wendroff (LW) scheme [8]. LW is based on a quadratic interpolation using three points, and assuming straight characteristics with slope v [8], as shown in Figure 3.4.

Figure 3.4: Graphic representation of the Lax-Wendroff scheme (adapted from [8]).

Traditionally, LW is used to solve hyperbolic conservation laws [8]. Adapting it to the Huxley-Zahalak equation, the scheme can be written as

n^{k+1}_j = 1 2 ν(1 + ν)n^k_{j−1} + (1 − ν^2)n^k_j − 1 2 ν(1 − ν)n^k_{j+1} + ( 1 l_a − n^k_j ) f_j − n^k_j g_j , j = 1, ..., J,

where j is as above, k = 1, ..., K represents the discretization of time, and ν = v Δx Δt . Here n^k_j ≈ n(jΔx, kΔt). Lax-Wendroff is stable for any choice of ν that obeys the CFL condition [8].

Although LW better preserves the amplitude of the solution, it introduces a greater phase error than the UML scheme. A large phase error means that the solution is not simulating the movement of the wave at the correct speed. In addition, the LW scheme introduces spurious oscilations into the solution, particularly when the solution involves discontinuities [8].

In our case, the phase error introduced by LW may be less of an obstacle to interpreting the solution than the amplitude error introduced by UML. The lag in propagation of the solution could be taken into account during later force calculations, but the reduced amplitude of the distribution would dramatically change the force calculation if modelled over a sufficiently long time interval.

Chapter 4

Summary and Conclusion

The aim of this thesis was to present A.F. Huxley’s model of muscle contraction, as well as the Huxley and the Huxley-Zahalak equations. These equations are based on A.F. Huxley’s theory of muscle contraction and can be used as a first step toward calculating the force generated in a muscle during contraction. The second step involves Hooke’s law of elasticity.

In order to set the stage, we began with a comprehensive review of the biochemical and physical structure of the muscle (Section 2.1). We then discussed the mechanism of muscle contraction, including A.F. Huxley’s sliding filament model and crossbridge theory (Section 2.2). We proceeded by presenting the derivation of the Huxley equation

−v dn dx = (1 − n)f(x) − ng(x) and relating n(x) to the calculation of the force generated in the muscle (Section 2.3 and 2.4). We continued to build on the theory by introducing the Huxley-Zahalak equation

∂n(x, t) ∂t + v ∂n(x, t) ∂x = [1 − n(x, t)] f(x) − n(x, t)g(x) subject to periodic boundary conditions n(−0.5l_a, t) = n(0.5l_a, t) and an initial condition n(x, 0) = n_0(x) (Section 2.4). We concluded Chapter 2 with a dimensional analysis and definition of the biological constants.

Chapter 3 focused on solving these equations, resulting in the following analytical solution to the Huxley equation

n (x) =

0 for x > h, α (α + β) 1 − e h(α + β) sV x^2 h^{2 −1} for 0 < x ≤ h,

α (α + β) 1 − e − h(α + β) sV e 2g_0x sV for x ≤ 0. where we are able to calculate total force

F (t) = mAskα 2 (α + β) h^2 2 + 1 − e α + β 2v h^2 ( v α + β − ( v g_0

)_2) ,

and the Huxley-Zahalak equation

n_p(x_p+vt) =

0 for t < h − x_p v , α (α + β) l_a 1 − e α + β 2v (h^2−(xp+vt)^2) for h − x_p v ≤ t < − x_p v ,

α (α + β) l_a 1 − e α + β 2v h^2 e^− g_0 v^{(xp+vt)} for −x^p v ≤ t. In addition, two numerical methods, the Upwinding Method of Lines and the Lax-Wendroff Scheme, were introduced as possible methods for solving the equations when v was not constant.

In the future it would be valuable to develop an accurate and stable numerical solution that would enable us to solve the Huxley-Zahalak equation for non-constant v. In addition, although the Huxley model was originally based on the properties of striated muscle, it is our understanding that it is possible to modify the model so that could be used to model smooth muscle contraction. These modifications would produce a powerful tool which could be used by the medical community to study the contraction properties of smooth muscle in various areas of the body. An example of particular interest to our collaborators involves determining the differences between the contraction behavior of airway smooth muscle in asthmatic patients and healthy patients.

In conclusion, the Huxley model is a powerful and time-tested model that still holds a prominent place in current muscle modelling efforts.

Bibliography

[1] N. Campbell, J. Reece, and L. Mitchell. Biology. Addison Wesley Longman, Inc, 5th edition, 1999.

[2] M. Epstein and W. Herzog. Theoretical models of skeletal muscle. John Wiley and Sons Ltd, 1998.

[3] R. Haberman. Applied Partial Differential Equations with Fourier Series and Boundary Value Problems. Pearson Prentice Hall, 4th edition, 2004.

[4] A. Hill. The heat of shortening and the dynamic constants of muscle. Proceedings of the Royal Society of Science, B126:136–195, 1938.

[5] A. F. Huxley. Muscle structure and theories of muscle contraction. Progress in Biophysics and Biophysical Chemistry, 7:255–318, 1957.

[6] A.F. Huxley and R. Niedergerke. Structural changes in muscle during contraction: Interference microscopy of living muscle fibers. Nature, 173:971–973, 1954.

[7] H.E. Huxley and J. Hanson. Changes in cross-striations of muscle during contraction and stretch and their structural implications. Nature, 173:973–976, 1954.

[8] K. Morton and D. Mayers. Numerical Solution of Partial Differential Equations.

Cambridge University Press, 1994.

[9] Lung National Heart and Blood Institute. Myosin structure.

http://nhlbi.nih.gov/labs/molecularcardiology/myosinlab.htm, 2004.

[10] I. Rayment. Structure gallery. http://www.biochem.wise.edu/rayment/lab/gallery.html, 2003.

[11] F. Wan. Mathematical Models and their Solutions. Harper and Row Publishers, 4th edition, 1989.

[12] G. Zahalak. Multiple Muscle Systems, chapter 1, pages 1–23. Springer-Verlag New York Inc., 1990.